On the higher-order derivatives of spectral
functions

Hristo S. Sendov*
May 21, 2006

Abstract

In this paper we are interested in the higher-order derivatives of functions of the eigenvalues
of symmetric matrices with respect to the matrix argument. We describe the formula for the
k-th derivative of such functions in two general cases.

The first case concerns the derivatives of the composition of an arbitrary (not necessarily
symmetric) k-times differentiable function with the eigenvalues of symmetric matrices at a
symmetric matrix with distinct eigenvalues.

The second case describes the derivatives of the composition of a k-times differentiable
separable symmetric function with the eigenvalues of symmetric matrices at an arbitrary sym-
metric matrix. We show that the formula significantly simplifies when the separable symmetric
function is k-times continuously differentiable.

As an application of the developed techniques, we re-derive the formula for the Hessian of
a general spectral function at an arbitrary symmetric matrix. The new tools lead to a shorter,
cleaner derivation than the original one in [16].

To make the exposition as self contained as possible, we have included the necessary back-
ground results and definitions. The proofs of the intermediate technical results are collected
in the appendices.
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1 Introduction

We say that a real-valued function F' of a real symmetric matrix argument is spectral if

FUXUT) = F(X)

*Department of Mathematics and Statistics, University of Guelph, Guelph, Ontario, Canada N1G 2W1. Email:
hssendov@uoguelph.ca. Research supported by NSERC.



for every real symmetric matrix X in its domain and every orthogonal matrix U. That is, F'(X) =
F(Y) if X and Y are symmetric and if X is similar to Y. The restriction of F' to the subspace of
diagonal matrices defines a function f(z) = F(Diagz) on a vector argument z € R™. It is easy to
see that the function f : R"™ — R is symmetric, that is, has the property

f(x) = f(Px) for any permutation matrix P and any x in the domain of f,

and in addition, F(X) = (f o A\)(X), in which the eigenvalue map A\(X) = (A (X), ..., \p(X)) is the
vector of eigenvalues of X ordered in nonincreasing order.

One of the main questions in the theory of spectral functions is what smoothness properties of
the symmetric function f are inherited by F. The difficulties arise from the fact that the eigenvalue
map A(X) is continuous but not always differentiable with respect to X. In domains, where A(X) is
differentiable, it is difficult to organize the differentiation process so that one arrives at an elegant
formula for the higher-order derivatives of (f o X\)(X).

An important subclass of spectral functions is obtained when f(z) = g(z1)+- - -+g(x,) for some
function g of one real variable. We call such symmetric functions separable; their corresponding
spectral functions are called separable spectral functions.

In [12] an explicit formulae for the gradient of the spectral function F' in terms of the derivatives
of the symmetric function f was given:

(1) V(f o M)(X) = V(Diag V f(A(X)))V",

where V' is any orthogonal matrix such that X = V(Diag AX ))VT is the ordered spectral decom-
position of X. In [16] a formula for the Hessian of F' was given, whose structure appeared quite
different from the one for the gradient. Calculating the third and higher-order derivatives of F
becomes unmanageable without an appropriate language for describing them.

In this work we generalize the work in [12] and [16] by proving, in two general cases, the
following formula for the k-th derivative of a spectral function

) VE(f o N(X) = V(D Diag"A(A(X)))V",

oePk

where again X = V(Diag A(X))V7T. The sum is taken over all permutations on k elements, which
are a convenient tool for enumerating the maps A, (x). The precise meanings of the operators Diag ?
and the conjugation by the orthogonal matrix V' are explained in the next section; see (6) and (9)
respectively. The maps A, (z) depend only on the partial derivatives of f(z), up to order k, and do
not depend on the eigenvalues. Thus, it is easy to see how the higher-order derivatives depend on
the eigenvalue map A(X). Formula (2) depends on the eigenvalues only through the compositions
A, (A(X)) and the conjugation by the orthogonal matrix V.

We show that (2) holds in two general cases. It holds when f is a k-times (continuously)
differentiable function, not necessarily symmetric, and X is a matrix with distinct eigenvalues. It
also holds when f is a k-times (continuously) differentiable separable symmetric function and X is
an arbitrary symmetric matrix. We give an easy recipe for computing the maps A, (z) in these two
cases.



Our results for separable spectral functions imply those of [5] and [4] for one-parameter families
of symmetric matrices; see also the monographs [8] and [9]. Our results also generalize and extend
those in [20] when the considerations there are restricted to the space of symmetric matrices.
(Notice that the gradients of separable spectral functions, see (1), are the functions considered in
[20] when restricted to the space of symmetric matrices.) For example, Theorem 4.1 in [20] assumes
that the function f is k-times continuously differentiable to conclude that (f o A\)(X(¢)) is k-times
differentiable, where X (¢) is a k-times differentiable path of symmetric matrices depending on the
scalar parameter ¢. In Theorem 6.1 we only assume that f is k-times differentiable and obtain that
(foA)(X) is k-times differentiable with respect to the free symmetric matrix variable X. In that case,
one can obtain the derivatives of (fo\)(X(¢)) by using the Chain Rule. Finally, Theorem 6.9 shows
that if f is k-times continuously differentiable then (f o A)(X) is k-times continuously differentiable
with respect to the variable X.

In addition, we show that if f is a k-times continuously differentiable, separable symmetric
function, (2) can be significantly simplified. In that case, if o1 and oy are two permutations on k
elements with one cycle in their cycle decomposition then A,, (x) = A,,(z) and these maps allow a
simple determinant description. If ¢ has more than one cycle, then A, (z) = 0.

In Section 7, we re-derive the formula for the Hessian of a general spectral function at an
arbitrary symmetric matrix. The techniques developed here lead to a shorter, more streamlined
derivation than the original derivation in [16].

The language that we use, based on the generalized Hadamard product, allows us to differ-
entiate (2) just as one would expect: writing the differential quotient and taking the limit as the
perturbation goes to zero. This gives a clear view of where the different pieces in the differential
come from and gives the process a routine Calculus-like flavour.

In the next section, we give the necessary notation, definitions, and background results to
facilitate the reading of this work. The proofs of the technical tools are in the appendices.

2 Notation and background results

By R™ we denote the standard n-dimensional Euclidean space of n-tuples of real numbers with
standard inner product and norm. By S”, O", and P" we denote the sets of all n xn real symmetric,
orthogonal, and permutation matrices, respectively. By M" we denote the real Euclidean space of
all n x n matrices with inner product (X,Y) = tr (XY7) and corresponding norm || X || = 1/(X, X).
For A € 8" MA) = (M(A), ..., \n(A)) is the vector of its eigenvalues ordered in nonincreasing order:

A(A) > Ag(A) > -+ > A (A).

By N we denote the set {1,2,...,k}. For any vector z in R™, Diagz denotes the diagonal matrix
with the vector x on the main diagonal, and diag: M™ — R™ denotes its adjoint operator, defined
by diag (X) = (211, ..., Tnn). By RT we denote the cone of all vectors z in R such that z; > zp >
.-+ > x,. Denote the standard orthonormal basis in R™ by e!, €2, ..., e". For a permutation matrix
P € P" we say that o : N,, — N,, is its corresponding permutation map if for any h € R" we



have Ph = (hy(1), ... hom)) !, that is, PTet = €@ for all i = 1,...,n. The symbol &;; denotes the
Kroneker delta. It is equal to one if i = 7 and zero otherwise.

Any vector p € R™ defines a partition of N,, into disjoint blocks, where integers i and j are in
the same block if and only if y; = p;. In general, the blocks that p determines need not contain
consecutive integers. We agree that the block containing the integer 1 is the first block, I, the
block containing the smallest integer that is not in /; is the second block, I, and so on. By r we
denote the number of blocks in the partition. For any two integers, i, 7 € N,, we say that they are
equivalent (with respect to p) and write i ~ j (or i ~, j) if g; = p;, that is, if they are in the same
block. Two k-indexes (i1, ...,7) and (j1, ..., jx) are called equivalent if i; ~ j, for all | = 1,2, ...k,
and we write (i1, ..., %) ~ (J1, .-, &) (O (@1, ..o, k) ~p (J1s -y Jk))-

A k-tensor on a linear space is a real-valued function of k£ arguments from the linear space, that
is linear in each argument separately. Denote the set of all k-tensors on R” by T%". The value of
the k-tensor at (hy, ..., hg) is denoted by T'|hy, ..., hg]. For any (i1, ...,ix), a k-tuple of integers from
N,,, we denote by T%%* the value T[e", ..., e**]. Matrices from M™ are viewed as 2-tensors on R",
with respect to the fixed basis, and for an M € M™ we have M = M|[e, e’] := (e, Me?).

The next elementary lemma motivates the following definitions. It is a simple application of
the chain rule to the equality f(u) = f(Pu).

Lemma 2.1 Let f: R® — R be a symmetric function, k times differentiable at the point p € R”,
and let P be a permutation matriz such that Py = . Then

(i) Vf(u) =PIV f(p),
(ii) V2f(u) = PTV2f(u)P, and in general
(111) Vo f(u)[h, ..., hs) = V° f(@)[Pha, ..., Phs], for any h,...,hs € R", and s € Ny.
Definition 2.2 A tensor T' € T*" is called symmetric if for any permutation o on Ny, it satisfies
T[ho(1ys - hoy] = T[ha, ..., by,
for any hq, ..., hy € R™.

Definition 2.3 (i) Given a vector u € R", a tensor T € T*" is called point-symmetric with
respect to p if for any permutation P € P" such that Py = pu we have

T[Phl,...,Phk-] :T[hb...,hk],
for any hq, ..., hy € R™.

(ii) A k-tensor-valued map p € R® — F(u) € T is point-symmetric if for every p € R™ and
every permutation matrix P € P" we have

JT(P,LL)[Phl,,Phk] :./T(,U)[hl,,hk],

for any hq, ..., hy € R™.



Note that if the map p € R* — F(u) € TF" is point-symmetric then the tensor F(u) is
point-symmetric with respect to u, for every u € R™.

Definition 2.4 (i) A tensor T' € T®" is called block-constant with respect to p if T = Tk
whenever (iy,...,%) ~p (1, s Ji)-

(ii) A k-tensor-valued map p € R™ — F(u) € T is block-constant if F(p) is block-constant with
respect to u for every p € R™.

Every block-constant with respect to u tensor is point-symmetric with respect to u. By
Lemma 2.1, for any differentiable symmetric function f : R” — R the mapping p € R” — Vf(u) €
R™ is a point-symmetric, block-constant, 1-tensor-valued mapping. In general, for every s € Ny
the mapping (when exists) p € R" — V*f(u) is a point-symmetric, s-tensor-valued map, and if
continuous, then the tensor V*f(u) is also symmetric.

By T'[h] we denote the (k — 1)-tensor on R™ given by T, ..., -, h].

Lemma 2.5 If a k-tensor-valued map p € R — T(u) € T*" is point-symmetric and differentiable,
then its derivative p € R™ — VT (u) € T is a point-symmetric map.

Proof. We use the first-order Taylor expansion formula. Let {v,,} be a sequence of vectors in R”
approaching zero such that v,,/||v,,|| approaches h as m — oo.

T+ vm) [y ooy hi] = T () [P, s hil] + VT () [ ooy Py 0] + 0([[Um]])-
On the other hand, for any permutation P we have

T(u+ vm)[h, ..., bl

T(Pp+ Pvy)[Ph, ..., Phy)
(Pp)[Pha, ..., Phi] + VT(Pp)[Phy, ..., Phy, Poy) + o(|| Pom||)
(1) (A ooy hi] + VT (Pp)[Phy, ..., Phg, Py + o(|[um|)).

T
T

Subtracting the two equalities, dividing by ||v,,|| and letting m go to infinity, we get
VT(Pu)[Phu, ..., Phy, Ph] = T(1)[ha, ..., by, B].

Since the vectors hy,....hs, and h are arbitrary, the result follows. |

For a fixed vector p € R™, which is to be understood from the context, we define a linear
operation on matrices: M € M" — M;, € M", as follows

’ M3, if i,
Y ) nw
(3) My, = { 0, otherwise,
and
(4) Moy = M — M;,.



2.1 Generalized Hadamard product

In this section we quote briefly several definitions and results from [21] that are crucial for the
development in this work. Recall that the Hadamard product of two matrices H; = [H] and
H = [HY] of the same size is the matrix of their element-wise product H, o Hy, = [HY HY]. The
standard basis on the space M™ is given by the set {H,, € M"|H = 04,0, for all i,j € N, },
where 0;; is the Kronecker delta function, equal to one if ¢ = j, and zero otherwise.

For each permutation o on N, we define o-Hadamard product between k matrices to be a
k-tensor on R™ as follows. Given any k basic matrices Hy, q,, Hpyg,---sHp,q,

1, if i =ps = qos), Vs =1,..., k

H o H 6 --.0 H i1i2...ik: '
( pi1q1 Jo Hdpags Vo o quk) 0, otherwise.

Extend this product to a multi-linear map on k& matrix arguments:
(5) (Hy o0y Hyog -+ 05 Hy)t " = Hi”fl(l) e H;Mfl(k)-

For example, when k& = 1 there is just one permutation on Ny, namely the identity ¢ = (1), and

onH = diag H. When k = 2 there are two permutations on Ny: the identity (1)(2) and the

transposition (12). The two corresponding o-Hadamard products between two matrices are

Hy oy,
HIO

H2 = (dlag H1)<diagH2)T,
Hy=H, o HY.

(2)
(12)

Let T be an arbitrary k-tensor on R and let ¢ be a permutation on Ni. Let DiagT be the
2k-tensor on R™ defined by

o el - Til"'ik', if 15 = jg(s),\V/S =1,...,k
(6) (Diag 7T)7-3k _{ 0, otherwise.

When k = 1 we have Diag Wz = Diagz for any x € R®. Any 2k-tensor T on R" can be viewed
naturally as a k-tensor on the linear space of 2-tensors in the following way

(7) THy, ... H] =Y - Y Talagpo .. gpe,

p1,q1=1 Pk,qr=1

It can be shown that the right-hand side of (7) is invariant under orthonormal changes of the basis
in R”. If T is a 2k-tensor on R™ and H € M" then by T[H| we denote the 2(k — 1)-tensor on R"
defined by

. . nn . .
1. 0p—1 ’ 110 —1P

(8) (T[H])h...jkq - Z Ti1dk—1a [fP9

p,q=1



Define dot product between two tensors in 75" in the usual way

n

<T17T2> = Z T1pl'~~ka2p1...pk’

and corresponding norm ||T'|| = /(T,T). We define an action (called conjugation) of the orthogonal
group O™ on the space of all k-tensors on R™. For any k-tensor, T, and U € O™ this action is denoted
by UTUT € T*":

(9) (UTU{F)il”'i’C = i e i (Tpl.-.pkU’ilpl . Uikpk>.

p1=1 pr=1

It is not difficult to show that this action is norm preserving and associative. That is ||[VXVT|| =
| X|| and V(UTUT)VT = (VU)T(VU)T for all U,V € O™, see [21].

The Diag? operator, the o-Hadamard product, and conjugation by an orthogonal matrix are
connected by the following multi-linear duality relation, see [21].

Theorem 2.6 For any k-tensor T € T*™, any matrices Hy,...,Hy,, any orthogonal matriz V, and
any permutation o in P¥ we have

(10) <T7 IN{I Og "+ Og -E[k> - (V(Dlag UT)VT) [Hla e Hk]7
where H; =VTH,V,i=1,..,k.
We also need the following two lemmas from [21].

Lemma 2.7 Let T be a k-tensor on R", and H be a matriz in M"™. Let H; ;,,....,H be basic

th—1Jk—1
matrices in M", and let o be a permutation on Ni. Then the following identities hold.

(1) If o7 (k) =k, then

k—1 n

<T7 i1j1 @ * " o Hikfljk—l Og H> - <H 5%]&(0) Z Tt
t=1 t=1
(ii) [f U_l(k) = l, where 1 ;ﬁ k, then
k—1 A '
(T, ij1 Oo "7 00 Hiy_jy, O H) = (H 5itja(t))Til"'ik_lja(’@H]("(k)lu—l(k)'
=,

Lemma 2.8 Let T be any 2k-tensor on R*, V € O™, and let H be any matriz. Then

V(TIVTHV))VT = (VTVT)[H].



2.2 Operations with tensors

For a fixed vector u € R™ and any [ € N define the linear map

l
TeTk - T e THn,
as follows:
0, if {7 ~u 'L.k-&-l
(11> (T(l))'ll Aklkt1 — Til--~il71ik+lil+1-~~ik _ Til-nilflililJrlmik
out i dg by gy
Higpr — My

Notice that if T" is a block-constant tensor with respect to pu, then so is TOut for each | € Nj. If
z € R* — T(z) € T"" is a k-tensor-valued map, then z € R" — T(z)Y, € TF17 is a (k + 1)-
tensor-valued map, defined, for each x, by (11) with g := 2. The easy-to-check claim that these

maps are linear means that for any two tensors T}, 75> € T%" and a, 8 € R we have

(12) (T + T8, = a(T)Y, + B(T)Y,, foralll =1,..., k.

ut»

One can iterate this definition: on the space T**1" define k + 1 linear maps into 752", and
so on. A good enumerating tool to keep track of that chain process are the permutations on Ny,
Ngi1, and so on. We make that more clear in the following paragraph.

Given a permutation o on N; we can naturally view it as a permutation on Ny, fixing the last
element. Let 7; be the transposition (I,k + 1), for all [ = 1,...,k,k + 1. Define k + 1 permutations,

0,y> on Nytq, as follows:

(13) o, =o0m, forl=1,...kk+1

Informally speaking, given the cycle decomposition of o, we obtain o, , for each | = 1,...,k, by
inserting the element k& + 1 immediately after the element [, and when [ = k£ + 1, the permutation
fixes the element k + 1. Notice that o, Yk +1) =1 for all I, and that the map

o1
(14) (0,1) € P* x Npyy — g, € Pk

is one-to-one and onto.
We are now ready to formulate the next theorem. It is the first Calculus-type rule that we
need for differentiating spectral functions. It is proved in Appendix B.

Theorem 2.9 Let {M,,}>_, be a sequence of symmetric matrices converging to 0, such that the
normalized sequence My, /|| My|| converges to M. Let p be in R and Uy, — U € O™ be a sequence
of orthogonal matrices such that

Diag yt + M,, = U, (Diag A(Diag t + M,,)) U, for all m =1,2, ...
Then for any block-constant k-tensor T' on R™, and any permutation o on Ny we have

. Un(Diag°T)UL — Diag’T
(15) lim
m—so0 [ M

= (Diag Ty, [M].

=1



Next, for a fixed vector u € R™ and any [ € Ni define the linear map

T € Tk,n N T(l) c TkJrl,n?

as follows:

O\ irigings [ TRt G gy
(16) (0w = M
0, if 4 Ay ikt

Notice that if 7" is a block-constant tensor with respect to p, then so is Tlg) foreach I =1, ..., k.
If z € R* — T(x) € T*" is a k-tensor-valued map, then z € R" — T(x)l(i) € TFmisa (k+1)-
tensor-valued map defined, for each z, by (16) with p := z. It is easy to check that these maps are
linear, that is, for any two tensors 77,7, € T%™ and «, 3 € R we have

(Tt + A1) = a(T)Y + (1), foralli =1, ..., k.

Finally, for any 7' € T%" and any | € N, define T™ € TF*1" as follows:
. .o Til...il,1i1i1+1...ik lfl — /L
7\ 4tk el 3 l k+1
(17) (77) - { 0, if i # iy

In other words, T™ is a (k + 1)-tensor with entries off the “hyper plane” i, = i1 equal to zero. On
the “hyper plane” 7; = 7,1 we place the original tensor 7'
Notice that when vector p has distinct coordinates then ¢ ~, i54; if and only if ¢ = 444, and

therefore Tlg) =T" for every | € Ny.
The next theorem is the second and last Calculus-type rule that we need. It is proved in
Appendix B.

Theorem 2.10 Fiz a vector p € R™. Let U € O™ be a block-diagonal (with respect to p) orthogonal

matriz and let o be a permutation on Ny. Let M be an arbitrary symmetric matriz, and let h € R"
be a vector, such that UT M;,U = Diag h. Then

(i) for any block-constant (k + 1)-tensor T" on R™
U(Diag?(T[h]))U" = (Diag =+ T)[M];
(i) for any block-constant k-tensor T on R™
U (Diag”(T™[h]))UT = (Diag @ TV)[M],  for all 1 =1, ..., k,

where the permutations o, for I € Ny, are defined by (13).



3 Several standing assumptions

Suppose f : R" — R is a k-times differentiable symmetric function. For any integer s € [1, k), in
order to obtain the (s + 1)-th derivative V¥T!(f o A\)(X) of the composition f o A, we differentiate
V*(fo))(X) and use the tensorial language presented in Section 2 to simplify the calculation. More
precisely, for each o € P® we define a s-tensor-valued map A, : R" — T%" depending only on the
function f and its partial derivatives, such that

(18) VE(f o N)(X) = V(Y Diag " A, (A(X))) V7,
sePs
where X = V(Diag A\(X))V7T.
By [21, Section 5] it is enough to prove (18) only in the case when X is ordered diagonal matrix.
That is, X = Diag p for some vector u € RY.
That (18) holds when s = 1 was shown in [12], see also Subsection 5.2 below.
Let {M,,}°_, be any sequence of symmetric matrices converging to 0. In order to show that

LV oY+ M) = V(S 0 (X) = TS 0 ) (X0)[My
e [

=0, fors=1,...k—1

we may assume without loss of generality that M,,/||M,,|| converges to a symmetric matrix M.
Thus, we assume throughout that {M,,}5°_, is any sequence of symmetric matrices converging to
0 with M,,/||M,,|| converging to matrix M € S™ and show inductively that

(19) lim Vo(f o M(X + M,) — VE(f o MN)(X)

=V Fo (X)) M], fors=1,.. k—1.
Jim o (f o N(X) M)

Finally, throughout the rest by {U,,}2°_; we denote a sequence of orthogonal matrices in O",
converging to U € O™ and such that

o, forall m=12 .

(20) Diag y1 + M,, = U, (Diag A(Diag yt + M,,)) U}
The next lemma is a simple combination of [13, Lemma 5.10] and [6, Theorem 3.12].
Lemma 3.1 For any pn € R} and any sequence of symmetric matrices My, — 0 we have that
(21) A(Diag g1+ My)" = 1" + (MXT M X0)T, o, MXT M X,)T) T + 0| M),

where Xy :==[e'|i € I], forall l=1,...r.
We denote

22 Bow = (MXT M, XD, MXT M, X))
1 r

10



Since M,, /|| M,,|| converges to M as m goes to infinity and the eigenvalues are continuous functions,
we define

. P,
(23) b= nlli“oo”M—” — (AXTMX)T, . AXTM X))

We reserve the symbols h,,, and h to denote the above two vectors throughout the paper. With this
notation Lemma 3.1 says that

(24) A(Diag pu+ Myu)" = 1 + hoy + o[ M ]).

Taking the limit in (20) as m goes to infinity we see, by Theorem 8.1, that U is block-diagonal
with respect to p and

(25) U M;,U = Diagh,

where M, is defined by (3).

4 Analyticity of isolated eigenvalues

Let A be in S™ and suppose that the j-th largest eigenvalue is isolated, that is
Aj—1(A) > Aj(A) > Ajpa(A).

The goal of this section is to give two justifications of the known fact that A;(-) is an analytic
function in a neighbourhood of A. We call a function of several real variables analytic at a point
if in a neighbourhood of this point it has an power series expansion. The corresponding complex
variable notion is called holomorphic.

The first justification below is from [23, Theorem 2.1].

Theorem 4.1 Suppose A € S™ and f : R" — R is analytic at \(A). Suppose f(Pzx) = f(x) for
every permutation matriz P for which PA\(A) = MN(A). Then f o X is analytic at A.

To see how this theorem implies the analyticity of \;(-) take
(26) f(x1,...,2,) = the 5" largest element of {xy,...,z,}.

The function f is a piece-wise affine function. Moreover, for any x € R" in a neighbourhood of the
vector A(A) it is given by
flx) = ;.

Thus, f is analytic in that neighbourhood. Next, f is a symmetric function and thus by definition
f(Px) = f(z) for every x € R" and every permutation matrix P. Therefore by the theorem
Aj = foAis an analytic function.

For the second justification we use the following result from [1]. (In the theorem below, \;(X)
denotes an arbitrary eigenvalue of a matrix X, not necessarily the i-th largest one.)

11



Theorem 4.2 (Arnold 1971) Suppose that A € C™*" has q eigenvalues Ai(A), ..., \;(A) (count-
ing multiplicities) in an open set  C C, and the remaining n — q eigenvalues are not in the
closure of Q). Then there is a neighbourhood A of A and holomorphic mappings S : A — C?*9 and

T: A — Cr9x(=9) sych that for all X € A
X 15 similar to ( S(X) 0 ) ,

and S(A) has eigenvalues A\ (A), ..., \g(A).

To deduce the result we need, since the ;' largest eigenvalue is isolated, we can find an open
set 2 C C, such that only that eigenvalue is in €2 and the remaining n — 1 are not in the closure of
Q2. By the theorem, there is a neighbourhood A of A and holomorphic mapping S : A — C such
that S(X) is equal to the ;' largest eigenvalue of X for all X in A.

If A is a real symmetric matrix, then the intersection of A with S™ is a neighbourhood of A in
S”. Let S(X) denote the restriction of S(X) to ANS™. Clearly, S(X) is a holomorphic, real-valued
function. Therefore, the coefficients in the power series expansion of S (X) must be real numbers.
Thus, the j* largest eigenvalue is a real analytic function in the neighbourhood A N S™ or A.

All these considerations make the following observation clear.

Theorem 4.3 Suppose that A € S™ has distinct eigenvalues and f : R™ — R is k-times (continu-
ously) differentiable in a neighbourhood of A(A). Then fo X is k-times (continuously) differentiable
in a neighbourhood of A.

5 The k" derivative of functions of eigenvalues at a matrix
with distinct eigenvalues

Let f : R" — R be an arbitrary k-times (continuously) differentiable function. In this section,
we do not assume that f is a symmetric function. Our goal is to derive a formula for the k'™
derivative of f o A on the set of symmetric matrices with distinct eigenvalues. The set {z €
R™ | x; # z; for every i # j} is dense open set in R". Similarly the set of symmetric matrices with
distinct eigenvalues is a dense open set in S™. (For a simple, convex analysis proof of the last fact,
see [19, Corollary 1.6].)

One can obtain the k-th derivative of f o A at a matrix with distinct eigenvalues by applying
the Chain Rule to the composition F' = f o A\. For example, the following formulae are the first
three derivatives of F', (see [2, Section X.4]) for any symmetric matrices Hy, Ho, H3:

VE(X)[H)] = ( (@) [VA(z)[H]],
V2F (2)[Hy, Ho] = V2 f(A\(2))[VA(2)[H1], VA@)[H]] + V f(M2)) [V (@) [Hy, Ho]],
VEF (2)[Hy, Hy, Hs] = V° f(M2))[VA(2)[Hi], VA(z)[Ha], VA(2)[Hs]]
+V2f(A($))[ A@)[H1], VEX(@)[Ha, Hs]]
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+ V2 f(M@))[VA(2)[Ha], VZA(x)[Hy, Hs]
+ V2 (M) [VA(@)[Ha), V2(2)[H,, Hy]
+ V(M@)[V3A(x)[Hy, Hy, Hs]).

This approach to the k-derivative requires every derivative of A up to the k**. Even if one
knows all these derivatives it is not clear how the resulting expression can be simplified. Our goal
in this section is to derive a formula for the k' derivative of f o A that doesn’t require explicit
knowledge of the derivatives of A. Of course the latter can be obtained as a particular case since if
f is defined by (26) then \; = f o \.

Fix a vector p € R with distinct coordinates. Since p has distinct entries, every block in the
partition that it defines has exactly one element. This means that for any j,i € N,,, 1 ~ j & i = j,
and that makes any tensor block-constant. In particular, for the matrices X;, defined in Lemma 3.1,
we have X; = [¢!], [ =1,...,n. This implies that h,, = diag M,, and that h = diag M. Notice how
the definition of 7"

out> given in (11), changes:

)il--~ikik+1 _ { 0, lf U = V1

P i 11 e il 1 . .
, i d # iy

(27) (1)

Mgy q —Hi

We derive (18) by induction on the order of the derivative.

5.1 Description of the k™ derivative
Let f: R" — R be k-times (continuously) differentiable function defined on the set
= {zr € R"|x; # z; for every i # j}.

For every natural s € Ny and every permutation o € P* we define an s-tensor-valued map A, :
Q C R™ — T*" inductively, as follows. For s = 1 and ¢ = (1) we define

/{(1)(:1:) =V f(x).
Assuming that the the maps flg(x) have been defined for each ¢ € P® where the integer s is in
[1,k) we define

A, (@)= (As(z)Y,, for all I € N,, and

(28) N .
A (z):=VA,(2).

(s+1)
We are now ready to formulate the first main result of this work
Theorem 5.1 Let X be a symmetric matriz with distinct eigenvalues. Let f be a function defined
on a neighbourhood of the vector \(X). Then the spectral function F = f o X is k-times (continu-
ously) differentiable at X if and only if f is k-times (continuously) differentiable at A\(X'). Moreover,
the formula for the k-th derivative of F at X s given by

(29) VFE(X) = v( 3 Diag“AU(A(X)))VT,

o€Pk
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where V is any orthogonal matriz such that X =V (Diag \(X)) V7.

The proof proceeds by induction and is presented in the next two subsections.

5.2 Proof of Theorem 5.1: the gradient

Using (24) we compute

(o N (Diagp+ My) — (F o N(Diag) 1 f(ut b+ o[ Mol) — £(1)

= lim

m—00 [ M| m—00 [ M|
_ i LW V)R] + o[ M) — f(1)
m—00 [ Mol
= Vf(p)h]

= (V/f(n),diag M)
= (Diag V f (1)) [M].

This shows that V(f o \)(Diag u) = Diag "V f(11). One can see now that
(30) V(f o N)(X) = V(Diag OV M)V = V(Y Diag " A, (A(X) )V,
cepl

where X = V(Diag A\(X))V" and Agy(z) = Vf(z). Trivially, if f is k-times (continuously) differ-
entiable, then A (z) = Vf(x) is (k — 1)-times (continuously) differentiable.

If the eigenvalues of X are not distinct and f is a symmetric function, the calculation of the
gradient of f o \ is almost identical and leads to the same final formula. Indeed, using (25), we get

Vf(w)[h] = (V f (), diag (UT Mi,U)) = (U(Diag V f(1))U") [M] = (Diag V f (1)) [M].

In the last equality we used that U is block-diagonal, orthogonal and the fact that f is symmetric
implies that vector V f(u) is block-constant, see Lemma 2.1 (i).

5.3 Proof of Theorem 5.1: the induction step

Suppose now that for some 1 < s < k
V(foM)(X)=V( > Diag?A,(MX))) V",
where X = V(Diag A(X))V”. Suppose also that for every o € P?, the s-tensor-valued map A, :
R™ — 7" is (k — s)-times (continuously) differentiable.
Using (24), we differentiate V*(f o \) at the matrix Diag u:

V*(f o A)(Diag p)[M]

14



Ve(f o N (Diag p+ Myn) — V*(f o A)(Diag p)

"k Ml
~ lim Un (3, cpe Diag " A, (A(Diag u + M,,)) ) UL — 3= p. Diag “ A, ()
e 1M,
Do (Un(Ding” A (\Ding s + ) U — Dins” A, (1)
s 1M,0]
o Soeps (U (Ding ™A+ b o1 ) U — Ding " A1)
s 1M,]
o T (U (Diag” (A (1) + VA, (1) o] + o | Min ) UF — Diag " A, (1))
s 1M,0]
U (Diag A, (1)) Uy, — Diag " A, (1

) + Y U(Diag” (VA (u)[h]))U".

ocEPS

- 3

oePs

1M
By Theorem 2.9, since for every o € P* the tensor A, (1) is block-constant, we have
U (Diag UAG(M) Un:g — Diag UAU(N) - P/ i

( ) =" (Diag " (A, (11)S0) [M]

=1

=" (Diag“® A, ()[M].

lim
m—00 | M|

By Theorem 2.10, since for every o € P* VA, (u) is a block-constant (s 4 1)-tensor, we have

U (Diag” (VA (1)[]) ) U = (Diag "+ VA, (1)) [M] = (Diag "0 Ay (u)) [M].

s+1)
Putting everything together we conclude that for every symmetric matrix M:
VEH(f o X)(Diag p)[M] = (Y Diag ™ Ay, (1)) [(M].
oepP?

US\PES]

Notice the parameters of the summation in the above formula and recall that (14) is a one-to-one
and onto map. Thus, the comments in Section 3 show that

v (fon)(X) = V(Y Diag A (A(X) ) V7,

where X = V(Diag A\(X))V7T. )
Finally, we show that the (s + 1)-tensor-valued maps A%) () are at least (k — s — 1)-times

(continuously) differentiable. This is clear when [ = s + 1 and ¢ € P?, since A, (-) is (k — s)-times
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(continuously) differentiable for every o € P°. For the rest of the maps this is also easy to see. Every
entry in .Ag(l) is the difference of two entries of A, divided by a quantity that never becomes zero

over the set ). This shows that over the set €, /L,( ) (+) is (k — s)-times (continuously) differentiable

for every o € P° and every | € Nj.
This is the end of the proof of Theorem 5.1.

6 The k™ derivative of separable spectral functions

In this section we show that (18) holds at an arbitrary symmetric matrix X (not necessarily with
distinct eigenvalues) for the class of separable spectral functions that we now describe.

Let g be a real-valued function on the real interval I, and let X be a symmetric matrix with
eigenvalues in /. Define the separable symmetric function

and the corresponding separable spectral function
(32) F(X) = (f o A)(X).

Choose an orthogonal matrix V such that X = V(Diag A\(X))V7T. Using (1) it is easy to see that if
g is differentiable at the points {\;(X)|i € N,,} then so is F' at X and

(33) VF(X) = V(Diag (¢ (M (X)), ., d M (X)) VT

Separable spectral functions and their derivatives are of great importance for modern optimization,
for example [3], [11], [22]. For the role of general spectral functions see the two survey papers [14]
and [15].

The original interest in the class of matrix-valued functions (33) was started by Loner with his
paper [18], where he established the connection between the differentiability of ¢' and the mono-
tonicity of the map (33) with respect to the semidefinite order. Later in [10], Léwner’s student
Kraus, investigated the conditions on ¢’ that make the map (33) convex with respect to the semid-
ifinite order. For more information, related and recent results one should refer to [2, Chapter V].
The matrix-valued maps (33) also arise as a particular case of the so called primary matriz func-
tions investigated extensively in [7, Chapter 6]. The first two derivatives of (33) can be found in [2,
Chapter V].

6.1 Description of the k™ derivative

Let g : I — R be k-times differentiable. We begin by defining the function ¢g!W!(z) : I — R as

JW(2) = ¢ ().
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Next, define the symmetric function ¢!l (x,y) : I x I — R as

g"(x), ife=y
(D] ) =
(34) 9" N, y) = 4 gl () — gl (y)
T—y

, ifx#y.

The integral representation gl1?!(x, y) = fol g"(y+t(x —y)) dt shows that gl?)(z,y) is as smooth,
in both arguments, as ¢”.

Denote by P* the set of all permutations from P* that have one cycle in their cycle decompo-
sition. Clearly |P*| = (s — 1)!. Notice that for every o € P* and every [ € N, we have g, € Pt
Moreover, as o varies over P* and [ varies over Ny, the permutation 0, varies over Pstlin a
one-to-one and onto fashion.

Suppose that for every o € P, where 1 < s < k, we have defined the function gl (zy, ..., x,)
on the set I x I x --- x I, s-times, and suppose that these functions are as smooth as ¢g(* (the s-th
derivative of g). For every o € P* and every | € N, we define the function g["(lﬂ(xl, vy T, Tsy1) AS
follows:

Vgl (xy, ..., ), if o, =2,
(35) 9[%](%,---7%“) =9 gy, ) — g @, e, )

Xy — Ts41

;i # ey,

where in the second case of the definition, both z; and x4, are in [-th position, and V; denotes the
partial derivative with respect to the [-th argument. Using the integral formula

1
g[%)](l’b ---axs+1> = / vlg[o]<x17 ey T1—1, Tyl + t<xl - x8+1)7xl+17 X l’s) dt?
0

for every | € Ny, we see that g[U<l>](x1, <oy Ts11) Is as smooth as gD, the (s + 1)-th derivative of g.
We continue inductively in this way until we define the functions {gl)(z1, ...,z}) |0 € P*}.

Finally, for every s € N;, and every o € P*, we define a s-tensor-valued map
A, :R" = T%" b

(36) - '

(Aa(x)) o = g[g](‘rin ERXD) xis)'

7:l~--7:s

Clearly, if (i1, ...,is) ~¢ (j1, ..., Js), then (A, (z)) = (Aa(x))jl“'js, which shows that (36) defines
a block-constant map, moreover, it is as smooth as ¢ for every s € Nj.
We are now ready to formulate the second main result of this work.

Theorem 6.1 Let g be a k-times differentiable function defined on an interval I. Let X be a
symmetric matrix with eigenvalues in the interval I, and let V' be an orthogonal matriz such that
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X = V(Diag \(X))VT. Then the separable spectral function F defined by (31) and (32) is k-times
differentiable at X, and its k-th derivative is

(37) VER(X ( Y Diag®4 )))VT,

oePk
where Ay (z) =0 if o & P*.

The proof is given in the next subsection. We proceed by induction — consecutively differen-
tiating F'(X). The base case for the induction is clear. Indeed, if k¥ = 1 then (37) reduces to the
formula for the gradient (33).

6.2 Proof of Theorem 6.1: the induction step

Suppose that g : I — R is k-times differentiable and the formula for the s-th derivative (1 < s < k)
of F' at the matrix X is given by

VER(X ( " Diag”A )VT - v( > Ding ”AU()\(X))> VT

For each o € P?, the s-tensor-valued map A, : R — T°" is (k — s)-times differentiable. Recall
Section 3 for the simplifying assumptions and notation that we use below. We now differentiate:

SF(Di M,,) — V*F(Di
V) F(Diag p)[M] = lim VPE( 1agu+”]\;)“ VI (Diag )

U, ( Y, p» Diag " A, (\(Diag s + Mm))> UL — S ;. Diag” A, (1)

= 1.

e A

 Un( e Ding " Auu-+ hn M) UL = 52, Ding” Ao
e [

U (e Ding (Aolp) + T A ] + [ Mnl)) ) UF = 5 Ditg” Auly)
e V]

Un| D cps Diag 7 A, (p) UL — > 5. Diag 7 A, (1)
= lim ( ep ||]\>4 || epr + U( Z Dlagg<VAg(M)[h])>UT
" oeps

Using Theorem 2.9, we wrap up the first summand in the last expression:

Un ( 2 ocps Diag ”Aa(u)> U = Yeps Diag” As (1)

(38)  lim T = > (Diag® (Ag(1))ou) [M].
m oePs
1eNg
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Next, we focus our attention on the gradient V.A,(u). Using the definition, (36), and the Chain
Rule, we get

(39) \Y [(AO‘ (/“L))“ls] = Z vlg[a] (Min L) /“Lis)eil = Z g[a(l)] (/l’in ooy Higs Mil)eil7
=1 =1

where for the second equality we used (35). For convenience, for every o € Ps and every [ € N;, we
define the map

T!:R"™ — T", by
<T¢5<:u))“zs = g[a(l)}(:uiu ooy Mgy ,LL”>

Notice that each one of these maps is block-constant.

(40)

Lemma 6.2 The gradient of A,(1) can be decomposed as

s

(41) VA () = (Thw)",

I=1
where the “lifting” (Tt(p))™ is defined by (17).

Proof. Fix a multi index (iy,...,i5). By definition of the gradient V.A, (1) we have

T

V(A ()] = (VA ()1 (VA (1), s (VA (1)) 25)

We compute the p-th entry in the last vector. On one hand, using (39), we get:

(VAO' (/j’))ilmis’p = Z g[a(l)] (:uiu coey Higs :uzl)

I=1
1 =p

On the other, using (17) and (40), we evaluate the right-hand side of (41):

s

(Z (Ti(ﬂ))n>i1...is,p _ li ((Té(u))—r,)il...iS,p

=1



The lemma follows. [

Using (41) we return to the second term left from the differentiation of V*F(X):

(ZDlag (VA (1) > (ZDlag <<Z(Tl(p)) >[h]>>UT

ceps oepPs

—U( 33 Ding” (T )" 1) 0"

oceps =1

= ) U(Diag”((T5())"[n]))U"

€ps
€N,

(42) Z (Diag 0 (TL(1))3) [M],

leNs

NQ

where in the last equality we used Theorem 2.10. Putting (38) and (42) together we obtain

VDR (Diag u)[M] = > (Diag 0 (Ay (1)) [M] + Y (Diag " (T%(1)5)) [M].

gep? ochs
leN; leN;

We group the two sums into one and notice that since M is an arbitrary symmetric matrix we can
remove it from both sides of the equation:

VO F(Diag p) = 3 Diag ™ (A ()% + (TL0)Y).

ceps
lENg

This already shows that V*F(Diag ) is differentiable. We show now that VY F(Diag ;1) has
the form (37). This last step is the subject of the next lemma.

Lemma 6.3 For every o € P and every | € N, we have

(43) A, (1) = (T))) + (As ()50

Proof. Fix a number [ € N and a multi index (iy, ..., i5,is+1). We consider two cases depending
on whether p;_ ., equals ji;,.

Case I. Suppose i; ~, is41. Using (36) and (35) the entry on the left-hand side of (43)
corresponding to the multi index (i1, ..., s, 4541) 18

(A

)) 7:1~--7;sl's+1 —

(u GO iy o i f15,01) = V1917 (i oo p13,)-

KO
On the other hand, the right-hand side evaluates to

(T )5 (Aol)) o)™ = (o)) o (Aol )"

20



() o
= (1)
= 0 iy o i 1)
= Vg (g, ooos p3,),
where in the third equality we used (16) and the fact that 7;(u) is block-constant.
Case II. Suppose i; %, is41. Using (36) and (35) the entry on the left-hand side corresponding

to the multi index (iy, ..., 75, 1s11) is
(A‘T(Z) (M>)'Ll-..lszs+1 — g[‘T(l)]('ui17 e ,uz-s,,u,isﬂ)
= g[a](’uil’ s Mg "'7:”1'5) B g[a](,uila "'7lu/is+17 "'7;”1’5)
luil - /’Lierl ’

where both p;, and p;,,, are in the [-th position. On the other hand, the right-hand side evaluates
to

((Té(m)l(rll) n (AU(M))(Z) )i1...’isis+1 _ ((Tclf(M»(l))il...isierl n ((Aa(,u))(l) )il...isis_H

out in out

=0 (A ) D)

out
(.A (Iu))i1...iz—1is+1iz+1--.is . (.A (M))il'“il—lilil—o—l---is
- /’Lis+1 - ,uil
_ g[‘ﬂ(ﬂiu e Mi5+17 ceey Mz;) — g["](uil’ ey gy ooy Mz;)
gy — iy
In both cases, the two sides are equal. =

This concludes the inductive step and the proof of Theorem 6.1.

The two separate developments in Section 5 and Section 6 have to be reconciled in their common
case. This is done by the following theorem proved in Appendix C.

Theorem 6.4 Suppose that matriz X has distinct eigenvalues, and the spectral function is separable
and k-times differentiable at X . Then the two formulae for the k-th derivative of the spectral function
at X, namely, the one given in Theorem 5.1 where the operators A, are defined by the inductive
equations (28), and the one in Theorem 6.1 where the operators A, are defined by equations (36),
are the same. More precisely we have

Z Diag°A,(z) = Z Diag°A,(x), for everys=1,2,....k,

ocePs ocePs

where © = \(X).

It is worth presenting a particular case of Theorem 6.1. More specializations of Theorem 6.1,
in the case when g is C*, are given in Subsubsection 6.3.1.
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Corollary 6.5 Let g be twice differentiable in I and let X be a symmetric matriz with all eigen-
values in I, such that X =V (Diag \(X))VT for some orthogonal matriz V. Then

(44) V?F(X) =V (Diag " A, (A(X))) VT,

where Aq, () is defined by

g”(xi)7 if v, = Z;
Jo(x) = o) — d (2
(2 g'(z:) 9(%)’ if 5 4 2.
T; — ili’j

Using approximation techniques, it was shown in [2, Theorem V.3.3] that for any two symmetric
matrices H; and Hs

(45) V?F(X)[Hy, Ho] = (V (Ausy(A(X)) o (VI H V) VT, H),

where ‘o’ stands for the usual Hadamard product. For completeness we now show that (44) is the
same as (45). This is the content of the next proposition.

Proposition 6.6 For any n x n matriz A, any orthogonal V', and any symmetric H, and Hs, we
have the equality

(V(Diag(12)A)VT) [H, H] = <V(A © (VTHlv))VT> H,),
where ‘o’ stands for the ordinary Hadamard product.

Proof. We develop the two sides of the stated equality and compare the results. By Theorem 2.6,
the left-hand side is equal to

V (Diag "W A)VT[H,, Hy) = (A, H; o

(12) f{2>
On the other hand
V(Ao (VITH\V)) VT, Hy) = (Ao Hy, Hy) = (A, Hy o Hy).

H, = Hy o HI = H, o H,, using the
symmetry of Hy. [ |

Finally one can check directly from the definitions that H; o

(12)
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6.3 CF* separable spectral functions

Theorem 6.1 holds for every k-times differentiable functions g. If in addition g is k-times contin-
uously differentiable, then (37) can be significantly simplified. That is what we describe in this
section. In particular, we show three properties of the functions gl°!(z, ..., z,), for every 1 < s < k
and every o € P*. First, we express ¢ (x1,...,xs) as a ratio of two determinants whenever the
numbers x1,...,x, are distinct. Second, as a consequence of the determinant formula, it will become
evident that gl?(zy, ..., z,) is a symmetric function of its s arguments. Finally, third, we show that
gy, . xs) = glo(ay, ..., x,) for all oy and oy in P*. Thus, all tensors {A,(z)|o € P*}, in
(37) are equal to each other, but are lifted onto different k-dimensional “diagonal planes” in the
2k-dimensional tensor.
Recall the Vandermonde determinant:

R sl
V(mla axs) = ) = H(xj xz)7
T i) Ts j<i
1 1 1
and for any y € R® consider its variation:
Y1 Ya o oo Ys
Yy Ysy . . . . .
V(ZL‘l,...,IS) T . . - : y
xl 1’2 PR "ES
1 1 .- 1

with the agreement that when s = 1: V(z;) =1 and V(gi) =y.

Lemma 6.7 For any vector (xq, ..., Ts, Tey1) with distinct coordinates, any y € R and | € N,

V(y17'-'7ys) V(ylu”'7yl—1ay8+17yl+17"'7y8> V(ylu“'7yl7ys+17yl+17"')ys>
(46) T1y.ey Tg . L1yeeey Tp—1, L1, L4171y 005 Lg L1y ooy Ly Lgy 1, Lp41y 005 Lg
V(x17"'7$5) V(zla"'7$l—17x5+17xl+17"'7'175 xla'--7xl7'x8+17$l+17"'7$5)

) = (fﬂl - $s+1)v(

Proof. When s =1 the lemma is easy to check directly, indeed:

V) v VIR
B V(xbxz).

V(Il) V(xg)

For the rest of the proof we assume s > 2. Consider both sides of the above identity as a multivariate
polynomial (of degree one) in the variables y1, ..., ys, ys+1. We show that the coefficients in front of
Y, on both sides are equal for all £ € Ny ;. Notice first that

V(@1 ooy T 1, T 1y Tig1y ooy Ts) = (= 1)V (@01, oo X1, Tpi 1y ooy Ty Tog1),
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VT e i ) = (o AT e .
We consider four cases according to the position of the index k in the partition Ny = {1,...,] —
1Ju{lyu{l+1,...,s} U{s+ 1}. (In all product formulae below, it is assumed that the index
j < i. This condition is omitted for typographical reasons. Also a circumflex above a multiple in a
product denotes that the multiple is missing.) First, let k € {1,...,1 — 1}. The coefficient of y; in
the left-hand side of (46) is equal to

(_1)k+1 Hi,jeNs+1\{k,s+1}(%‘ — ;) _ (_1)k+1 Hi,jeNsH\{k,Z}(xj — ;)
ILijen (@5 — i)

Hi,jENs+1\{s+1}(xj - :L’l)
(_1)k+1
(=) (e — o) (o = 2ag) - (2 — @)
(_1)k+1

(w1 = an) - (Tp-1 — @) (@ — Tper) -+ (@ — @0) -+ (T — Toi1)

(21— 2p) - (@51 — 2) (@5 — Tpsr) -+ (Tp — T1) -+~ (2 — 25) \T& = T Tp — Top1
_ (=) (z; — we41)

(1 —2k) -+ (Tpo1 — 2p) (T — Tppr) - (T — Topa)
Hi,jENS+1\{k} (z; — ;)

Hi,j€N5+1(xj — ;)

which is the coefficient of y,, in the right-hand side of (46).
Suppose now, k = [. Then the coefficient of y; in the left-hand side of (46) is equal to

= (_1)“1(351 — Tyi1)

141 HijeNs+1\{l s+1}(37j — ;) _0— (—1)Ht

L e, gse1y (@5 — %) (@1 — @) (wm — @) (@ — @) -+ (2 — @)
(=)™ (21 — @541)
(w1 — @) - (w1 — ) (T — 24) -+ (21— Tg1)
Hz’,jeNsﬂ\{l}(‘rj — ;)
Hi,jeNSH(xj — ;) 7
which is the corresponding coefficient in the right-hand side of (46).
When k € {{+1,..., s}, the coefficient of y; on the left-hand side of (46) is

(=1)

= (_1)l+1($l — Toy1)

(—1>k+1Hi’jeNS+1\{ka3+1}(xj — ) (—1)" Iijenagen (@5 — i)
ijer oy (25 = 70) [Lijengam (@ — )
(-1

(1 —mg) - (Th1 — o) (T — Tpgr) -+ (T — T4)
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I

(w1 —ap) - (2 — wp) -+ (T — ) (T — Tprr) -+ (T — Ton)

_ i ()
(1‘1 _J;k)(ml _:L'k)...(l'k_l _l'k)(l'k_l’k+1)(xk_gjs) T — Tk xk‘_x8+1
. (1) (a1 — 1)
(1 —wp) - (Th1 — ) (Tp — Tpeg1) -+ (T — Tsy1)
g, Higenaam (#5 — )
= (=" (2 — ze41)
Hi,jeN5+1(37j — ;)

which is the coefficient of y; on the right-hand side.
Finally, when k& = s + 1 the coefficient of y,,1 on the left-hand side of (46) is

Y

0— (_1>l+1(_1)371 Hi:jENs+1\{l,S+1}(x~j ) _ (_/1\)5+2
[jemoam @i =20 (@) —2g0) -+ (@ — 21) -+ (00 — 2ay1)

(—=1)""2 (21 — @o41)

B (xl - xs—l—l) T (xs - xs—i—l)

_ 42 [ijen sy (25 — 20)
= (=1)"" (21 — z541)
Hi,jeNerl(xj — )

Y

which is again the coefficient of ys,; on the right. ]

Theorem 6.8 Suppose g € C*(I). Then for every permutation o € P#, where 1 < s < k, and
every vector (z1, ..., xs) with distinct coordinates, we have the formula
V(g/(x1)7 EERE) g,<xs)>

L1y.eey Xg

V(%l, ...,.I's)

(47) g["} (1, ., Ts) =

In particular, g% (z1, ..., zs) is a symmetric function.

Proof. The proof is by induction on s. When s = 1, then from the definitions we have
v(gl(fl)>
L1

g (ay) = g'(a) = V(z1)

Suppose (47) holds for s, where 1 < s < k. Let (71, ..., 75, Z541) be a vector with distinct coordinates
and let y = (¢'(x1), ..., ' (xs), ¢'(xs11)). Fix a permutation o € P* and an index [ € N,. Using (35)
together with Lemma 6.7 and the induction hypothesis we get

o] _ glol
g[a(“](a:l,...,:cs,xsﬂ):g (xl,---,l’s) g ($1,~~7$l—1,$s+1,$l+17-wxs)

Xy — Ts41
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! (V@’i:::::%é?g) V(yyyyy>>

N (iIZ’l —$3+1) V(%l,...,l’s) B V($1,...,$l,1,$3+1,l‘l+1,...,33'5)

V(yl’ ey Y Yst1, Yit1s -5 Ys
L1y ooy LYy Lg415 L1y o005 Lg

V(&1 ooy Ty L1, Ty oy Ts)

Yis - Yst1
= V(xh ) strl)
V(x1, ., Tsy1)
Since P51 = {o, o€ P51 € N,} the induction step is completed. Finally, since glo)(xy, ..., ) is
continuous, (47) shows that it is symmetric everywhere on its domain. |

We can now significantly simplify Theorem 6.1. Define the k-tensor-valued map
A:R" — Tk’", by
V(g/(xh)? 3 g/‘(xik>>

ZEil, ...,J]Zk

(A@)"™ = =

Technically, this definition is good only when the numbers z;,, ..., z;, are distinct, but Lemma 6.8
shows that it can be extended continuously everywhere. Clearly, if (i1, ..., 9k11) ~& (1, .-, Jka1), then
(A(z))" " = (A(x))”"**", which shows that (48) defines a block-constant map. Moreover, A(z)
is a symmetric tensor, continuous with respect to z.

(48)

Theorem 6.9 Let g be a C* function defined on an interval I. Let X be a symmetric matriz with
eigenvalues in the interval I, and let V' be an orthogonal matriz such that X = V(Diag \(X))V7T.
Then the separable spectral function F defined by (31) and (32) is k-times continuously differentiable
at X, and its k-th derivative is

(49) VFR(X) = v( 3 Diag"A()\(X)))VT,

where A(z) is defined by (48). (P* is the set of all permutations from P* with exactly one cycle in
their cycle decomposition.)

For most practical applications of derivatives, it is important to know what is the result when
they are viewed as multi-linear maps and applied to vectors from the underlying space.

The last part of this subsection is devoted to the representations of the formula for the k-th
derivative at X of a C* separable spectral function, applied at k symmetric matrices.

6.3.1 The derivatives as multi-linear operators

The next corollary is a specialization of Theorem 6.9 to the case when k£ = 3. It should be compared
with [2, Formula (V.22)]. One should keep in mind that we are differentiating separable spectral
functions, whose gradients are the class of functions considered in [2, Chapter V].
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Corollary 6.10 For g € C3(I) and any n x n symmetric matrices Hy, Hy, Hs we have

V3F(X)[Hy, Hy, H) = 2 Z A(N(X))provs fTPp2 fpevs frvses

p1,p2,p3=1
where X =V (Diag \(X))VT, and H; = VTH,V fori=1,2,3.

Proof. Without loss of generality suppose that X = Diag u for some p € RT. Then

v F(Diag ) Hi, Hy, Hs = (3 Diag”A() ) [Hy, Ho, Hy

cepP3
= Z <A(M)7 Hl Oo H2 Co H3>
ocep?
- <'A<'u)’ H, C(123) Hy Q123) H3> + <~’4<:U')7 H,y Cus2) H, Cus2) H3>
— 2 A(M)Q1Q2Q3Hi]1q3]_]2qzm Hngz + 2 A(M)pmzps Hflszgzps Hgsm'
q1,92,93=1 p1,p2,p3=1

After re-parametrization of the first sum (¢; = p2, g2 = p3, g3 = p1), using the fact that A(u) is a
symmetric tensor, and that matrices Hy, Hy, Hs are symmetric, we continue

n,n,n n,n,n
— Z (A(p)P2Pspr 4 A(M)p1p2p3>Hf1p2 ngps Hgspl -9 Z A(pu)Prpeps H{)lm HQPQPS Hgapl
p1,p2,p3=1 p1,p2,p3=1
which is what we wanted to show. [

In the general case when H,,...,H, are distinct symmetric matrices, we cannot simplify the
formula for V*F(X)[Hj, ..., Hy] much more than the example in Corollary 6.10.

To show that we can do at least that much, let o and 6 be in P*, that is, permutations in P*
with one cycle in their cycle decomposition. Suppose that ¢ = 71, that A is a symmetric k-tensor
on R", and that Hy,...,H} are distinct symmetric matrices. Then, re-parameterizing the sum

n,...,7
q1G,—1 qrd,—1
q1---Gk o= () . o~ 1(k)
> A H,

q1,--qKk=1

according to the substitutions ¢; = p,(;) for i = 1,2,.... k we get the sum

n,...,n n,...,n
E Apa(l)'"po(k)HfU(l)pl L H,I;U(k)pk — E : Apl...pkaa(l)pl L H]?ja(k)pk
D1 PE=1 D1 Pr=1
n,...,N
P1Pg—1 PkPg—1

_ P1--Dk o=t . 0=1(k)

= Y ATH, H, :
p17“'7pk7:1

27



In the first equality above we used the fact that A is a symmetric tensor, while in the second we
used that H; is a symmetric matrix for i = 1,2, ..., k.
We summarize the last paragraph in the following theorem.

Theorem 6.11 Let PY be a subset of P*, k > 3, such that if o € PY then o~' ¢ P}.
For g € C*(I) and any n x n symmetric matrices Hy,...,H;, we have

(50) VER(X)[Hy, s H) =2 ) > AN Pree P70 o O,

where X = V(Diag \(X))V7T, and H; = VTH,V fori=1,2,... k.

If, in the above theorem, all matrices Hy,...,Hy are the same then Formula (50) can be simplified
even more.

Theorem 6.12 For g € C*(I) and any n x n symmetric matriz H

(51) VEP(X)[H, ... H = (k= 1! ) AA(X))PP HPP2 PP [P

where X =V (Diag \(X)VT, and H=VTHV.
Proof. Let H be any n x n symmetric matrix. Using formulae (49), (10), and (5) we find

VFE(X)[H, ..., H] = v( > Diag"A(A(X)))VT[H, o H]

= > (ANX)), Hop Hoy -0 H)

Let ¢ € P* be any permutation with one cycle in its cycle decomposition. In order to prove the
result we are going to show that

(52) Z ANX)) 0 N%1) . %100 = Z A(N(X))Pr-p fpie foees .. e,
qi,--,q=1 D1y ,PE=1

In order to do that we find a re-parametrization (that is, we change the order of summation) of
the right-hand side sum that will give the left-hand side sum. Since ¢ has one cycle in its cycle

28



decomposition, the map i € Ny +— 07%(1) € N;, is a permutation as well. Change the order of
summation in the right-hand side of (52) according to the rule

Pi = oy forall e = 1,2, ... k.

Notice that we have p;11 = ¢,-a+1(1) = ¢o-1(o—i(1))- The product HPip2 fypeps ... [IPP1 after the
substitution goes into the product

H%-11)9%=201) [J%-21)9%=301) . .. [Jl%—*1)%=1(1)
— H% 1(1)% 1o~ 1(1) H% 2% 1(c=2)) ... Fl k1) %e=1(o—k(1)

— HD9%11) 2% 12) ... %% (k)

The last equality follows by a reordering of the product since the indexes {o=*(1),07%(1), ..., ¥(1)}
are a permutation of the indexes {1, 2, ..., k}. Finally we have

AP = AA(X)) o005 = AA(X))m o,

since A(A(X)) is a symmetric tensor and the indexes {o71(1),072(1),...,07%(1)} are a permutation
of the indexes {1,2, ..., k}. |

7 The Hessian of a general spectral function

In this section we calculate the formula for the Hessian of a general spectral functions at an arbitrary
symmetric matrix. The formula was first obtained in [16] but the insight for it came from [17].
Below, as another application of the tools developed so far, we derive it again. The approach it
more streamlined and clearly shows where the different pieces of the Hessian come from.

7.1 Two matrix-valued maps

Let f: R"™ — R be a symmetric twice (continuously) differentiable function. Let Ay, @ R® — M"
be defined by

Ane (1) = V2 f(2),
and let A, : R" — M" be defined entry-wise by

0, if 11 =19
A?”? ([L’) _ 2/111 (l’) — 1/112 ((L’), if il ~ ig and ’L'1 7é Z’Q
12
() — f! (2
O AC I
xiQ - x’il

Several of the properties of A, () are easily seen from the following integral representation.
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Lemma 7.1 If f is a C? function, then for every iy, io € N, we have

1
AH;?(.T) = / lei“( sy Ly +t($12 — xil), vy Ly —|—t(2§'21 — .Z'iz), .. )—
0
fiﬂ ( oy Ly —|—t<l’22 — J]il),. ey Ly —|—t<l’zl — J]Z‘Q),. . )dt,

1%2

where the first displayed argument is in position i1 and the second is in position iy. The missing
arqguments are the corresponding entries of x, unchanged.

Proof. The first case, when i; = 75 is immediate. In the second, #; ~, i implies that x;, = z;,
and the integrand doesn’t depend on ¢. In the third case, 7; %, 7o, using the Fundamental Theorem
of Calculus, the integral is equal to:

1 Lo
m/o a 7;/1 (...,inl —{—t(l‘m — ZL‘Z'I), cony Lig —|—t(a:ll — Z’Z’Q), ) dt

/ !
i (s Ty oy Ty ) — il(...,xil, ey T )

Liq Ty
_ L @iy ooy Tigy o) — [ (o Ty e, Ty )
Tiy Ty
= Al (@)
In the second equality we used that z — V f(x) is a point-symmetric map. [ |

Lemma 7.2 If f(x) is twice (continuously) differentiable, then both A, m)(x) and A, (z) are point-
symmetric maps.

Proof. The fact that x — A (z) is a point-symmetric map is Lemma 2.5. This implies that

if iy~ J1, then fI', (z) = fi; (p). Also, if iy ~, ji and iy ~, jo with 4y # iy and j; # ja, then

(@) = fi,,(x). The fact that x — Vf(x) is a point-symmetric map implies that if i, ~, ji,
/

then f; (z) = fj (z). Now it is easy to see that x — A () is a point-symmetric map as well. W

It is easy to see, using Lemma 7.1, that if f(z) is twice continuously differentiable function,
then A (z) and A, (2) are symmetric matrices, continuous in .

7.2 fo ) is twice (continuously) differentiable if and only if f is

We now show that f o\ is twice (continuously) differentiable at X if and only if f is such at A(X).
The ‘only if” direction can be seen by restricting f o A to the subspace of diagonal matrices. Below,
we show the ‘if” direction. Without loss of generality, assume that X = Diag u, for some p € RY,
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that M,,/||M,,|| converges to M as m goes to infinity, and that (20) holds. Using (30) together
with (24) we compute:

V2(f o \)(Diag p)[M] = lim V(f o N)(Diag pu + My,) — V(f o \)(Diag )

_ hmm;: (Diag “V f (A(Diag’LﬂimLm)))Ug — Diag "V f(p)

_ Z;; Uy, (Diag "V f (1 + hu, Jlj\%ij)))Ug — Diag "V f (1)

~ i Uy, (Diag “(V f(p) + VQf(u)nEh,?\]J:lo(Mm)))Ug — Diag V'V f (1)
(53) ~ i U, (Diag ©(V f (;ﬁ)])\;ﬁ — Diag "V f () + U (Ding (V£ ).

For brevity let T'= V f(u), let Aqye = Aaye (1), and let Aqq = Ay, (1). Using Corollary 2.9
U, (Diag VT)UL — Diag VT
(54) f Um(Dioe ||J)\4 n e

By Lemma 2.1 part (ii), there is a vector b block-constant with respect to p such that the matrix
A1)y — Diag b is also block-constant with respect to . Then by Corollary 2.10, applied with k£ = 1,

U (Diag “(V*f()[h]))U" = U(Diag " ((A)@ — Diagb + Diagb)[h]))U"
= U (Diag " ((Aq)@ — Diagb)[h]))U" + U (Diag “((Diag b)[A])) U™
(55) = (Diag (A — Diagb))[M] + (Diag “?b})) [M].
This shows that f o \ is twice differentiable.

To prove that fo A is twice continuously differentiable we need to reorganize the pieces. Direct
verification shows that the sum A, + A, is a block-constant matrix. Then vector b can be
chosen in such a way that, in addition, A, + Diagb is a block-constant constant matrix, and
(56) Aus) + Diagh = TS + b,

Putting (53), (54), (55), and (56) together we obtain:
V?(f o \)(Diag 1) = Diag "' Ty, + Diag “® (A — Diagb) + Diag “*b;)
= Diag W® (A, — Diagb) + Diag “® (A, + Diagb)
= Diag WP A, ) + Diag " A 1.
In the last equality we used the fact that Diag “® (Diagb) = Diag “¥(Diagb), which can be verified
directly. The formula for the Hessian of f o A at an arbitrary X, can now be derived routinely:
(57) V2(f o M)(X) =V (Diag P Ay ) (M(X)) + Diag “ A (M(X))) VT,

where X = V(Diag A\(X))V7.
Finally, when f is C? both A (z) and A, () are continuous and by [21, Proposition 6.2]
V2(f o M\)(X) is continuous as well.

= (Diag "Tyy

out

) [M].
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8 Appendix A: A refinement of a perturbation result for
eigenvectors

The main tool in the derivation of the formula for the Hessian in [16] was Lemma 2.4. The statement
of that lemma was broken down into nine parts, and that lead to the consideration of variety of
cases when deriving the Hessian. For the higher-order derivatives such case studies would quickly
become unmanageable. That is why the goal of this appendix is to transform Lemma 2.4 from [16]
into a form more suitable for computations. Consult with Section 3 for the relevant notation.

Recall that any vector u € R™ defines a partition of N,, into disjoint blocks, where integers ¢
and j are in the same block if and only if y; = p;. By r we denote the number of blocks in the
partition. By ¢; we denote the largest integer in [; for all [ =1,....7.

Theorem 8.1 Let {M,,}>_, be a sequence of symmetric matrices converging to 0, such that the
normalized sequence My, /|| My|| converges to M. Let p be in R} and let U,, — U € O™ be a
sequence of orthogonal matrices such that

Diag u + M, = Um(Diag A(Diag p + Mm))Ug, for all m=1,2,....
Then:

(i) The orthogonal matriz U has the form

Vi 0 0
0 W 0
0 0 V.

where V) is an orthogonal matriz with dimensions |I;| X |I| for all I.
(i) The following identity holds

(58) UTM;,, U = Diagh,

(11i) For any indexes i € I}, j € I, and t € {1,...,r} we have the (strong) first-order expansion

i O — Ost o
(59) > URUP = 6,56, + ——— M| My || + o || Min])
vel, Hi — My

with the understanding that the fraction is zero whenever d;; = o4 no matter what the denom-
mator 1s.

Proof. This lemma, with some modifications, is essentially Lemma 2.4 in [16]. Indeed, Part (i)
is [16, Lemma 2.4 Part (i)]. The equality in Part (ii) is an aggregate version of Parts (iv) and (vii)
from Lemma 2.4 in [16]. To prove Part (iii) we consider several cases.
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Case 1. If i = j € I, and t = [, then (59) becomes Z (Uf,’;)Q = 1+ o(||M]]), which is exactly

pel;
Part (ii), Lemma 2.4 in [16].
Case 2. If i = j € [; and t # [, then (59) becomes Z U“’ = 0o(||M,||), which is a consequence
pEl:

of Part (iii), Lemma 2.4 in [16].

Case 3. If i # j € I, and t = [, then (59) becomes ZU;}?U%’ = o(||M,,||), which is exactly

pEl;

Part (vi), Lemma 2.4 in [16].

Case 4. If i # j € I; and t # [, then (59) becomes Z UPUIP = o(||M,,]|), which is a consequence

pelL

of Part (v), Lemma 2.4 in [16].

Case 5. Ifi € I}, j € I, with | # s # t # [, then (59) becomes ZU%’U%’ = o(||M,,||), which is a
pel;
consequence of Part (viii), Lemma 2.4 in [16].

Case 6. Ifi € I}, j € I, with [ # s and t = [, then (59) becomes

1 g
D VUL = e MO M|+ oM,

pEl: J
which we prove in Case 7.

Case 7. Ifi € I}, j € I, with | # s and t = s, then (59) becomes

) ) 1 .
ST URURE = M| M| + o[ M)
J

pel; !

We now show that the expressions in both Case 6 and Case 7 are valid. Recall that Part (ix)
from Lemma 2.4 in [16] says that in case when ¢ € I}, j € I, with [ # s, we have

Zpelz U_ﬁgUﬂf + u —Zpefs UIPUJP) = MY,
[ M | T [[M]

m—00

(60) lim <ml

Introduce the notation

iprrip
1 Zpell Um Um

B, = , forall 1=1,2,..,r,
([ M|

and notice that

> B, =0, forall m,
=1
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because U, is an orthogonal matrix and the numerator of the last sum is the product of its
i-th and j-th row. Next, by Case 5 we have

lim > f, =0,
T s
SO
lim (83, + B;,) = 0.
For arbitrary reals a and b we compute

a—b b y —a Ls
(Bl + ) = (B, + ) e g

(afy, +03;,) —

L Ls L luLs
as m — o0. Using (60), this shows that

—b -
lim (B +b3) = ———— M.

When (a,b) = (1,0) we obtain Case 6, and when (a,b) = (0, 1) we obtain Case 7. |

9 Appendix B: Tensor analysis

The aim of this appendix is to provide the proofs of Theorems 2.9 and 2.10.

Recall that any vector p € R™ defines a partition of N,, into disjoint blocks, where integers i
and j are in the same block if and only if p; = p;. By r we denote the number of blocks in the
partition. By ¢; we denote the largest integer in [; for all [ =1, ..., 7.

Theorem 9.1 Let {M,,}>_, be a sequence of symmetric matrices converging to 0, such that the
normalized sequence My, [||M,,|| converges to M. Let p be in RY and U,, — U € O™ be a sequence
of orthogonal matrices such that

Diag yt + M,, = U,,(Diag A(Diag p + M,,)) UL, for all m =1,2, ...

Then for every block-constant k-tensor T on R™, any matrices Hy,...,Hy, and any permutation o
on Ny, we have

(61) lim

m—00

(Um(Diag “TYUL — Diag®T

k
102,.] VHL e ) = (Diag 0TS0 [H, ey i Mo,

=1

where Moy, s the symmetric matrixz of off-diagonal blocks of M as defined by (4).
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Proof. The idea of the proof is to evaluate separately the expressions on both sides of (61) and
compare the results. Notice that both sides of (61) are linear in each argument H,. That is why
it is enough to prove the result when Hy, for s = 1, ..., k, is an arbitrary matrix, H;_ j,, from the
standard basis on M". In that case notice that

i1 i1 g

(62) (Um(Diag “T)UT — Diag ”T) (Hi oo Hiy ) = (U (Diag “T)UT )ik — (Diag “T)h--sn.

TkJk

Using the definition of the conjugate action and the fact that 7" is block-constant, we develop the
first term on the right-hand side of the equality sign in (62):

. TyeunyN k
. P T 112k . o P1...Pk ivp jva
(Un(Diag °T)U,, )1k = E (Diag 7T") a1 HU": v Ul
Pn,qn=1 v=1
n:17"'7k
Myeiy T k '
iy Py ]Vpa—l( )
= E TP pkHUfnpUm v
pn=1 v=1
n:17"'7k
[ 1) k ‘
iy T 7)o (v)Pr
— § TP pkHU;np Ulet
pn=1 v=1
n:17"'7k
TyerisT k .
',/ v Jo (v)Pv
= E T LtkH( § U:npUm() )
ty=1 v=1 p’/e]tu
n:17"'7k

Putting everything together, we see that to evaluate the limit on the left-hand side of (61) we have
to compute

TyerisT k

S e [T Ui U™ ) - (Diag )i
(63) lm t1,..tp=1 v=1 py€ly,
1
m—oo 1M

Assume that 4 € I, and j,q) € I, for all | = 1,...,k. We investigate several possibilities.
Suppose first that among the pairs

(64) (haja(l))? (i2>j0(2))a X (Zkv.]o(k))

at least two have nonequal entries. Without loss of generality we may assume they are (i1, j,(1))
and (2, jo(2)), that is, i1 # j,1) and is # Jo(2). Using (59), for any ¢;, to we observe that:

i 1 i Jo(1)P1 i Jo(2)P2
lim —( U;}Lpl Un;’(l) )( U;ﬁ/pQUTrf(2) )
SRR LD 2

p1€l p2€lty
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1 61) - 65 Z .
= Jim e (G By + 2 PN M+ of [ M) %
m—oo i1~ M)
611 - 55 197
(Biagain Duats + “22 =22 120 || | 4 | Min]))
2 Jo(2)
1 Opit; — O Opots — Og .
— Lm ( 1t1 11 3 ritdo) | Mo || + o(|| My, ||)> (uMmomHMmH + O(HMmH))
m—0o0 ||M || Hiy = Hjg Hig — Hjo o)

Since in this case by definition (Diag UT);i:::;i = 0 we see that (63) in zero.

Suppose now, that exactly one pair has unequal entries and let it be (7, j,¢)). We consider two
subcases depending on whether or not #; and j,(; are in the same block.

If both ¢; and j,() are in one block, that is v; = s;, then using (59), for arbitrary ¢, we obtain:

1 1 Out = Osit + riyj
I <§ U””UJU(M) = ] (i e + 2= N0 M |+ o | M)
mLH;O HM H mliréo ”M H i1Jo (1) lt+,u” ot || ||+O(|| ||)
- o([[ M)
= lim ————
m—o || M|
:O‘

In this subcase we again have (Diag "T)ji:::jllz = 0, thus (63) is equal to zero.

If 4; and j,(;y are in different blocks, v; # s;, then (Diag “T)J{::J’IIz = 0 and by (59) we obtain:

w2 T, H( Z e kH( > Ui Une)) =

te= 1 v=1 puelty
1 K : 8oy, — O
(65 v (20 T T (B o+ G AT M+ o(1 M)
m—oo || || 1, .,tk=1 v=1 ILLZV lj’]o-(y)

We show that the limit of at most two terms of the big sum in (65) may be non-zero. Indeed,
summands corresponding to k-tuples (1, ..., 1) with ¢; & {v;, s;} converge to zero, because ;5 ,, = 0,
dut, = 05, = 0, and therefore

51; _(58 ..
MMZUU(Z)HMWLH + o(|| M |]) = o(|| My ]])-

5ilja(l)5vltl + -
) Jo (1)

Similarly, summands corresponding to k-tuples (t1,...,%;) with ¢, # v, for some v # [ converge to
zero, since then 0, = d5,., = 0 (recall that v, = s, for all v # [). Thus, there are two summands
with possible nonzero limit. The first corresponding to the k-tuple (vy, ..., vj_1, v}, V41, ..., Ug) and the
second corresponding to the k-tuple (vy, ..., v;_1, S, V41, ..., g ). Notice finally that if ¢, = v, (= s,)

for some v # [, then
5

ll/ja(u) viy

5111,151, - 531,151, ]
5@ ++M VJU(V)HMmH+0(HMMH) = 1+0(HMmH>7

Mil/ Jo(v)
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since i, = j,u) for v # I. Thus, the limit of the summand in (65) corresponding to the k-tuple
(U1, ey Vi—1, Uy, V41, -, Ug) 18 equal to

. TLUlMLUl*lLUlLUHl“‘ka 57}11}1 - 58[1)[ 117,
lim = (B e + SN0 | M| + o[ M) ) (14 0| M)
m=eo (| M| i~ Mo
_ Thvrbop_gbopboggg by Miljo(l)’
iy = 0

while, analogously, the limit corresponding to the k-tuple (vy, ..., v;_1, S, V41, -.., Uk) is equal to

TLvl sl g bsplupy g by o
_ M”]o(l) .
iy = Mg,y

Putting these two limits together we see that (65), and therefore (63), is equal to

TLUI...LvlilbvlLvl+1...ka . TLUI...LvlilleLle...ka o Til---il—lilil+1---ik _ Til--~il—1ja(l)il+1~~-ik .
Mide) — Mido
Fip = Hijo Fip = Hjo
()
Ti1~~~il—1ilil+l--~ik _ Tilmilflja-(l)ilqtlmik ilj o
o
- out

iy — Ky

The first equality follows from the block-constant structure of 7" and the second from the premise
in this case that ¢; and j,(; are in different blocks.

Consider now the last case when i, = j,) for all v = 1,..., k. Using (59) one can see that
the only summand that may have non-zero lnmt in the sum in the numerator of (63) is the one
corresponding to the multi-index (t1, ..., tx) = (v1, ..., v;). Thus, using the block-constant structure
of T (recall that i, € I, for all v = 1,..., k), (63) is equal to

1 1.0 _ Z1Zk> _
Jim (7 (14 o{|| Myll)) = T 0.
With that we finished calculating (63).

We now compute the right-hand side of (61) and compare with the results above. Suppose that
o(l) = m, then by the definition of o, we have 0, (m Ym)=k+1, cr(l_)l(k: +1) = [, and for any integer
i € Nyt \{m, k+1} we have o (i) = 0~'(i). Analogously, we have g, () = k+1, 0, (k+1) = o(1),
and for any integer i € N1 \{l, k + 1} we have o, (i) = o(i).

Below we use the standard notation that a circumflex above a term in a product means that
the term is omitted. Since % (k +1) =1 # k+1 we use the second part of Lemma 2.7 to compute:

k k
§ : (©) § : 0
Diag U)Tout) [Hiljn ) Hik.jk’ MOUt Tow, H 11]1 U(z) T oa(l) Hikjk OU(Z) Mout>
=1 =1

i )
Jo (k+1) E4+1)
1)y Zk]g (k+1) T %) ”l)( +
= ()"t (s, -0 -0y M

- out ( Zua(l)(n Zl.jo'<l)(l) k.7<7<l)(k)) out
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k
. (0 \i1-Tkdo ) S Jo(1)t
= E (Tout) ( lecr(l)<1) 5l]a<l)() 5zkja<l)( )) out
=1
k
o 1) \i1--ikdo() < Joyh
= § (Tout) (6i1ja(1) T 5ilja(z) o '5ikja(k)>M0ut :

=1

The last equality holds because we changed the missing multiple, under the circumflex, (for each
fixed 1) while keeping the present multiples the same. It is clear now that if at least two of the pairs
(i1, Jo(1))s (32, Jo(2))s s (ik, Jo(k)) have different entries, then the last sum is zero. Let now exactly
one of the pairs have unequal entries, say 4; # jo(;), then the sum is equal to

)i1~--ikja(z) (5

Wie(1)

—

Joyt
’ 52'1]'0(1) o ikja(k))MOut .

- 0.

out

(66) (1)

If 4y and j, ()

out out*

are not in the same block, then (66) is equal to

If 4, and j,() are in the same block, then (T(l) )il'"ikj“”) 0 by the definition of T

Tét 101 ik -1 (1) U410k

(T
Fiy = Hjg
because M is a symmetric matrix. Finally, if i, = j,(,) forallv = 1,..., k, then again (Tsfl)t)il"'ikj”(l) =
0 for all [. These outcomes are equal to the results in the corresponding cases in the first part of
the proof, the theorem follows. [

Proposition 9.2 Let T be any k + 1-tensor on R", let x be any vector in R", let V be any n X n
orthogonal matriz, and let o be any permutation on Ni. Then

V (Diag?(T[z]))V" = (V(Diag v T)V") [V (Diag z)V"].

Proof. Let Hj,,...,H;j, be any k basic matrices. Recall that o, (i) = o(i) for all i € Ny and

(k+1) =k + 1. Using Theorem 2.6 twice, we compute

(k+1)

1.0k

(V (Diag*(T'[z]))V")ir-ik = (V(Diag " (T[])) V") [Hirjys ., Higj]
= <T[$]7 Hi1j1 Cg -+ Qg f{lk]k>

P1P -1 T PEPs—1
_ D1---Pk [CO R o~ 1(k)
- Z (T[x]) Hzljl Hikjk
P1,---Pk 1
N,y
~P1p, ~PkP,—1
= P1---Pk+1 pPk+1 “tay ., o= 1(k)
Z T r Hll]l Hlk]k
D1,-\Pk Pk+1=1
Ny..oyM 71 LD —1
(1) ~ o, (k) Pk4+1P_—1
= P1---Pk+1 “(k+1) (k+1) . o (k+1)
- Z T - th Y Hikjk (Dlag .I‘) (k+1)

P1ye-sPksPk+1=1
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= <T, H’iljl Oo’(kﬁ-l) oJ(k+1) H'Lk]k oU(k+

= (V(Diag =0 T)V")[H,;,, ..., Hij,, V(Diag z) V]

, Diag )

= ((V/(Ding s T)VT) [V (Diag )V 7]}

Since these equalities hold for all indexes iy,...,7;. and 7ji,...,7; we are done. [ |

The next lemma says that for any block-constant tensor 7', Diag ?T" is invariant under conju-
gations with a block-diagonal orthogonal matrix.

Lemma 9.3 Let T be a block-constant k-tensor on R™ and let U € O™ be a block-diagonal matriz
(both with respect to the same partitioning of N, ). Then for any permutation o in Ny

U(Diag’T)U" = Diag°T.

Proof. Let {I;,...,].} be the partitioning of the integers N,, that determines the block structure.
Notice that UPU’? = 0 whenever i £ j or i o p, and that ) _, UPU = §;; whenever i € I.
Let (i1, ...,9%) be an arbitrary multi index and suppose that i, € I, for { =1, ..., k. We expand the
left-hand side of the identity:

. [N 1)
1.0k

(U(Diag JT)UT)jl---Jk = Z (Diag ”T)zif::‘g',j(]ilpl [ar ... [JPk [ JIkak

Ps,qs=1
s=1,...k

Nyeury
— E TPL-PE[JUPLJIPo=1(1) . . . [JikPk [JIkPo=1 (k)

pl?"'7pk:1
n,...,n

— E TP1---Pk Ui1p1 Ujo(l)pl . Uikpk Uja(k)pk

D1y PE=1

TyerrsT
_ E ’ Tty ey, § ' UHPL[JIo(PL . . . [JHPk [ JJo(k)Pk

t1yete=1 pi€ly,
I=1,..k

— Ttor-tu, E Ui1p1 Uja(l)pl . Uikpk Ujo(k)pk

plélvl
I=1,..k

— Tvrtog §
= Thikg,

1Je(1) £+ 0
5

Jo(k)

1Jo(1) TkJo (k)

010k

= (Diag "T)J'lmjk.

The penultimate equality follows from the fact that T is block-constant. [ |

Given a block structure on N,, and any matrix M, by M;, we denote the matrix with the same
diagonal blocks as M and the rest of the entries set to zero, as defined by (3).
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Theorem 9.4 Let U € O™ be a block-diagonal orthogonal matrix. Let M be an arbitrary symmetric
matrix and let h € R™ be a vector such that

(67) UT My,U = Diag h.
Let Hy,...,H}, be arbitrary matrices and let o be a permutation on Ni. Then

(i) for any block-constant (k + 1)-tensor T on R",

<T[h], Hl Oy *+* Ofy Hk> = <T’7 H1 Og(k+1) “e OU(k—O-l) k OU(k+1) Min>
(i) for any block-constant k-tensor T on R™
(T™[h), Hy 05 -+ 05 Hy) = (T{) Hy 0g 05 Hyoq My), foralll=1,...k,

where the permutations o, forl=1,...k k+ 1 are defined by (13), H, =UTH,U fori=1,..,k,
and the lifting T™ is defined by (17).

Proof. To see that the first identity holds we use Theorem 2.6, Proposition 9.2, (67), and
Lemma 9.3 in that order, as follows:

(T[h), Hy oy -+ 05 Hy) = (U(Diag°T[h))UT)[H,, ..., Hy)

o o in/-
Tt 1) Hk Tkt 1) Mln)

The last equality follows again from Theorem 2.6.
To show the second identity, it suffices to prove it for arbitrary basic matrices H;_;, s =1, ..., k.
Fix k basic matrices H;,j,,...,H;,;, and suppose that ¢; € I,, for { =1,...,k. Then
(T7'[h), Hiyjy 00 -+ 05 Hipy) = (U(Diag "I [R)UT) [H,

i1

(U(Diag “T™[h))U™ )1t

1J1 "'>Hikjk]
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MN,y...,M n
= E E (TTl)p1~..pkpk+l hPr+1 Ui1p1 Ujg(l)pl . Uikpk Uj0<k)pk

Pise-sPk=1 pr41=1

[ 1)

— § TPL--Pk |, Pu Ui1p1 Uja(l)pl . Uikpk Ujo(k)pk
P1ye-PE=1

TyeesT

_ 2: Tttty § : RPLTAPL JIo()PL . . [JikPE [ JJo (k)Pk
t1,..,tp=1 anItn
n=1,...,k
— Ttey ety E hP Uilpl Ujo'(l)pl Cen Uikpk Ujff(k)p’c
plEIvl
I=1,...k

L L < PLTTUPLT [Jo ()P
_ vy bog S0 l o aPl
=T™ k5z1Ja(1) 5wa<z> 5Wo<k) Z R

plelvl

i1 < } : PLTTUDLT THo ()P
— i S LUPLJIe ()Pl
=T (51130(1) (5”300) 5’k]0(k) WU

szIvl

il S R Y ey Yo
=T 5z1jo(1> 5%7(1) 5lkﬂa<k)Min )

To evaluate the right-hand side of the identity, we use the second part of Lemma 2.7 since (7(;1(]€ +
1) =1 # k+ 1. Recall also that o, (s) = o(s) for s € N1 \{[,k + 1} and o, (k + 1) = o(l) for all
l=1,..k.

l
<T( )’ H’iljl Oo’ e OU@

Min>

_ (T(l))ilmikja(l) (k1) 5

Hikjk OU(Z)
_— JU([)(k+1>Zg(?>l(k+1)

11]0(1)(1) ZlJo(l)(l) Zk]o(l)(k) in

i O\ -ikIe ) = Jo )il
- (Tm ) 5i1ja<1) e 5i1jk+1 T 5ikja(k-)Min

Y LS AR SR SR ¥ /{OL.

- 1Jo(1) UJk+1 kJo(k) " in

B L R S RN ) o LoO)

- 1o (1) UJk+1 kJo(k) " T in

B IO S SR S ¥ A Lq0)

- 1o (1) UNEYO)) tkJo(k) " in :

In the third equality above we used the fact that 7" is block-constant, plus the fact that Mljrf 0 _
if jo) 7 % In the fourth we used the fact that M is a symmetric matrix. The last equality holds
because we changed the missing multiple, while keeping the present multiples the same. [

Proposition 9.5 Let U € O™ be a block-diagonal orthogonal matriz, let H be an n x n matriz, and
let o be an arbitrary permutation on Ny.
(1) If T is a (k + 1)-tensor such that for some fived | € Ny we have TP'P1-Pit1t = O whenever

L~ Dri+1, then
(U(Diag 0 T)UT) [H,,] = 0.
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Di % D1, then
(U (Ding 0 T)U") [Hows] = 0.

(iii) If T is any (k + 1)-tensor, then

(U(Diag =0 T)UT) [How) = 0.

Proof. Fix an index [ in N;. Let H, j,,...,H

ik
arbitrary matrix. Using the definitions we compute:

be arbitrary basic matrices, and let H be an

n.n . .
’ 21 2+1

H] — Z (U(Diag U(l)T)UT)jl.A.jk+1Hik+1jk+1

Tgt1,Jk+1=1

(U(Diag 0 T)U")[H;,y, ... H

ikJk )

n,n NyeoyT
P1---Pk+1 . . . . . .
— § § (Diag ‘7(1)T)q1.4.qki1 Unpiygng ... [Pkl [ JIk+19k+1 [V 17k+1

tet1:Jk+1=1 Ps,gs=1
s=1,....k+1

n,n [N ) . .
. Jip_—1 . Jk+1P_—1 . .
— E E TPL-Pht1 [JUPLL T %) @ . [J+1Pe+1] ] * % *HD [riksdee

ipt1,Jkr1=1 ps=1
s=1,....k+1

n,n Ty . . .
— E § TP1L--Pr+1 [ Ji1P1 U]U(l)(l)pl N P2 UJU@) UL [ ik+1Pk+1 UJU(Z) (k+1>pk“Hz’k+1jk+1
1, Jk+1=1  ps=1
s=1,...,k+1
n,n MNyeiyT
— E E TPL--Pk+1 Ui1p1 Uja(l)pl . Uizpz Ujk+1pl . Uik+1pk+1 Uja(l)pk+1 Hik+1jk+1‘
tet1:Jk+1=1 ps=1
s=1,....k+1
Suppose now that 7" is a (k + 1)-tensor with TP P-Pr+t1 = () whenever p; ~ pr11 and that H = Hj,.
Then H'+19k+1 £ () implies that g1 ~ jryr1. In that case, by the fact that U is block-diagonal,

and H = Hyy. Then H%+k+1 2£ 0 implies that igy; # jry1. In that case, by the fact that U is
block-diagonal, U7+1P1{J%+1Pk+1 =£ () implies that p; % pry1, which implies that TP1-Pi-Pr+1 = (). The
sum is zero.
In the third case, suppose that 7' is any (k + 1)-tensor and H = Hgy. A calculation almost
identical to the one at the beginning of the proof (it differs only in the last step) shows that
(U(Diag =0 TYUT)[Hy,jy, ..., Hipjy, H) =

b b
E E TPL--Pk+1 Ui1p1 Ujg<1)p1 . Uikpk Ujor(k)pk Uik+1pk+1 Ujk+1pk+1 Hik-',-ljk-&-l‘

tpt1.Jk+1=1  ps=1
s=1,....,k+1
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Then H®+Jk+1 £ () implies that i1 % jir1. In that case, by the fact that U is block-diagonal,
Udrt1Per1 J+1Pe+1 = (), Again the sum is zero. |

We are finally ready to conclude the proofs of our main two analytical tools.

Proof of Theorem 2.9. A consequence of Theorem 9.1 and Proposition 9.5. ]

Proof of Theorem 2.10. A consequence of Theorem 2.6, Theorem 9.4, Proposition 9.5, and the
fact that M = M, + Myy. [ |

If vector p, defining the equivalence relation on N,,, has distinct coordinates, then every tensor
from T%™ is block-constant and the block-diagonal orthogonal matrices are precisely the signed
identity matrices (those with plus or minus one on the main diagonal and zeros everywhere else). In
this case we also have ¢ ~ j if and only if 7 = j and thus Téll) = T™. Moreover, since Proposition 9.5
holds for arbitrary matrices (symmetric or not), Theorem 2.10 becomes the next result, valid for
an arbitrary matrix H.

Corollary 9.6 Let o be a permutation on Ny and let H be an arbitrary matriz. Then
(i) for any (k+ 1)-tensor T' on R™,

Diag ?(T'[diag H]) = (Diag -+ T)[H];

(ii) for any k-tensor T on R™

Diag (T [diag H]) = (Diag @ T™)[H], for alll=1,...,k,

where the permutations o, , for I € Ny, are defined by (15).

10 Appendix C: Proof of Theorem 6.4

Let X € S™ be a symmetric matrix with distinct eigenvalues, and let z = A(X). The proof
of Theorem 6.4 is by induction on s. When s = 1 there is nothing to show since by definition

A, (x) = Vf(r) = A, (x) for every z € R". Suppose that for some integer s in [1, k) we have

Z Diag ? A, (z) = Z Diag 7 A, (),

ocePs oePs

for every z € R™ with distinct coordinates.
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Recall that by definition the tensor A, (x) is equal to zero if the permutation ¢ has more than
one cycle in its cycle decomposition. Then using Lemma 6.3 we get

Y Diag?A,(x) = Y DiagA, ()
ogepPst1 ocePs
ZGNS+1

Let M be an arbitrary symmetric matrix with norm one. Let {M,,}5°_; be a sequence of symmetric
matrices converging to zero and such that M,,/||M,,| converges to M. Finally, let {U,,}>_, be a
sequence of orthogonal matrices such that

Diagz + M, = Uy, (Diag A\(Diagz + M,,))U~..

By taking a subsequence if necessary, we may assume that U, converges to U € O™ when m goes
to infinity. Since the decomposition of the integers N,, into blocks is determined by the repeated
eigenvalues of the matrix X, and the later are all distinct, we have M,, = Diag (diag M). (Moreover,
every tensor is block-constant.) Thus defining vector h € R™ as in (23) we see that h = diag M
and by (25) we have UT M;,U = Diag (diag M). Reversing the steps leading to (42) the induction
hypothesis, and then using the first part of Theorem 2.10, on the one hand we get

( D Diag™ (T, L)) = o ( > Diag” (VA,(2)[]) ) U

= th( Z Diag 7 (A, (z + th) — Ag(x))>UT

t—0

= ('3 Diag e VA () [M]

oEPs
- ( > Diagm A, (9”)> [M].
oePs

In the last equality we used the second line from (28). On the other hand, using (15), the induction
hypothesis, and again (15) we have

.,  Un(3,eps Diag” A, (2)) UL = 3=, p. Diag " A, (x)
(D Diag " (As(2))0 ) [M] = lim. (Loer ”AL T
c€eP?® m
1eN,
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i Un( S Ding " Ao())Up — 52, Ding " Aq (1)
e 3]
— (2 Diag (A, ()5 ) ]

geP?®
IIS\A

( 3" Diag0 A, (x)) (M),
=0

In the last equality we used the first line in (28). Thus we see that
(Y Diag As(@)) (M) = (> Diag”A,(2))[M],
sEPst gEPst]

and since M was arbitrary, we are done.
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