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Abstract

For designed experiments based on the spherical regression model of Chang (Ann. Statist. 14 (1986) 907) we provide
results on the minimum number of covariate directions that are necessary and su8cient for uniqueness and consistency
of least squares estimates and on minimizing con:dence regions. c© 2001 Elsevier Science B.V. All rights reserved
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1. Introduction

For paired observations (ui; vi); i = 1; : : : ; n, of directions in p-dimensional Euclidean space, which can
be thought of as points on the surface of the p-dimensional unit hypersphere, Chang (1986) developed a
nonparametric regression model for responses vi and :xed covariates ui. Given an orientation A∈SO(p), the
space of p×p orthogonal matrices with unit determinant, the vi’s are assumed to be independent with density
of the form g(vtiAui), for :xed ui’s.
This work was motivated by the need to understand spherical regression design issues in calibration

experiments for an electromagnetic motion-tracking system, used to track the orientation as well as the posi-
tion of a sensor as the sensor moves in 3-dimensional space. While a complete description of an orientation
in 3-space requires three Euler angles, a rotation matrix, a unit quaternion, or other equivalent representation
(a problem considered by Prentice (1986)), often the orientations of interest are described by just two angles
(or even one angle), in which case Chang’s model for directions in 3-space (or 2-space) is appropriate. Such
orientations occur, for example, when
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1. The sensor is attached to the back of a human subject performing a lifting task such that the movement is
essentially restricted to a plane (1 angle), or also involves some side to side motion (2 angles), or

2. The sensor is attached to the end of a robotic arm changing its direction in 3-space (2 angles).
When one is able to control the values of the covariates ui, the following design questions arise in the

context of Chang’s model:

1. What is the minimum number of distinct covariate values needed to ensure estimation of A that is (a)
unique, (b) consistent, and (c) optimal?

2. For a given number of distinct ui’s, what should their values be for optimal estimation of A?
Chang (1986) showed that p linearly independent ui’s are su8cient for uniqueness and consistency. In

Section 2, we strengthen this by showing that p− 1 linearly independent ui’s are su8cient and at least p− 1
linearly independent ui’s are necessary for unique and consistent least squares estimation of A. For optimality,
we consider minimization of the volume of a large sample con:dence region for the p(p− 1)=2-dimensional
component vector of A. For p − 1 linearly independent ui values, we show in Section 3 that the volume of
this con:dence region is minimized if these p−1 directions are mutually orthogonal. In Section 4 we provide
a numerical example.

2. Uniqueness and consistency

The least squares estimate Ân of A minimizes the least squares criterion
∑n

i=1 ‖vi − Aui‖2 =
∑n

i=1 (vi −
Aui)t(vi − Aui), which is equivalent to maximizing the vector correlation (Mackenzie, 1957; Stephens, 1979)

sup
A∈SO(p)

1
n

n∑
i=1

vtiAui: (1)

Lemma 1. With probability 1; for the vector correlation (1) to be uniquely maximized it is necessary and
su;cient that at least p− 1 of the ui’s be linearly independent.

Proof. Let D = span{u1; u2; : : : ; un}, q= dim(D), and b1; : : : ; bq be an orthonormal basis for D. Then we can
write the vector correlation as

sup
A∈SO(p)

q∑
j=1

atjAbj (2)

for some a1; : : : ; aq. Suppose A1 and A2 both maximize the vector correlation, so that
q∑
j=1

atjA1bj =
q∑
j=1

atjA2bj: (3)

Then postmultiplying both sides of (3) by bk gives that

atkA1 = a
t
kA2 for k = 1; : : : ; q or Bak = ak for k = 1; : : : ; q; (4)

where B=A1At2. Since dim(span{a1; : : : ; aq})=q with probability 1 (assuming an absolutely continuous density
g), B a.s. has an eigenvalue of 1 with multiplicity at least q. Since B∈SO(p), it follows immediately from
the Spectral Theorem for SO(p) (Lawson, 1996) that if q¿p− 1 then B= I , so that A1 = A2. This proves
su8ciency. For necessity, we note that any A1 and A2 that satisfy (4) also satisfy (3). If 16 q6p− 2, then
there are in:nitely many B �= I that satisfy (4) and hence in:nitely many A1 and A2 that satisfy (3).
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Since the density of vi is assumed to be of the form g(vtiAui) it is spherically symmetric about Aui, and
it follows that E[vi] = c0Aui, for some constant c0 ⊂ [0; 1] which does not depend on i. Let A0 be the true
value of A. Our next result is an extension of Lemma 2 in Chang (1986).

Lemma 2. Provided c0¿ 0; Ân is strongly consistent for A0 if and only if (1=n)
∑

i uiu
t
i converges to a

positive semi-de<nite symmetric matrix � of rank at least (p− 1).

Proof. We have that Ân maximizes tr(A(1=n)UnV tn), where Un = [u1; : : : ; un] and Vn = [v1; : : : ; vn]. Also, (1=n)
UnV tn → c0�At0 with probability 1 by Lemma 1 of Chang (1986). Since � is symmetric, we may write
� = PDPt , where P is orthonormal and D is diagonal with entries given by the eigenvalues of �. Letting
B= PtAt0AP = ((bij))

p
i; j=1 and D = diag(�1; : : : ; �p), we have

max
A∈ SO(p)

tr
(
A
1
n
UnV tn

)
→ max

A∈SO(p)
tr(c0A�At0)

= c0 max
A∈ SO(p)

tr(PtAt0APD)

= c0 max
B∈ SO(p)

tr(BD)

= c0max
bii
(b11�1 + · · ·+ bpp�p): (5)

Assume �i ¿ 0 for i = 1; : : : q, where q6p; and �i = 0 for i = q + 1; : : : ; p: Then the maximum of (5) is
obtained when b11 = b22 = · · ·= bqq=1 since B∈SO(p). Moreover, q=p or q=p− 1 implies B= I , so that
A= A0.
However, when q¡p− 1, any B∈SO(p) of the form

B=
[
Ip−2 0
0 R

]
with R=

[
cos � −sin �
sin � cos �

]

will maximize (5) for any �: Then A will not be uniquely determined and Ân will not be a consistent estimate
of A0. This completes the proof.

We note that the condition in Lemma 2 that rank(�)¿p−1 is equivalent to the condition that the number
of linearly independent ui’s is at least p− 1, since rank(�) = dim(span({ui})).

3. Optimal designs

In this section we consider optimal designs for experiments based on Chang’s spherical regression model,
using the criterion of minimizing the volume of the large sample con:dence region for the component vector
of At0A, de:ned as follows. For any A∈SO(p), let H be the p × p skew-symmetric matrix (i.e. satisfying
H + H t = 0) in the tangent space at the identity of SO(p) such that A =  (H), where  is the exponential
map

 (H) = I + H +
H 2

2!
+
H 3

3!
+ · · · :
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The entries of H above the diagonal give the entries of the component vector h∈Rdim(SO(p)) =Rp(p−1)=2 of
A. Chang (1986) showed that a large sample 1− " con:dence region for h is given by

{h | − tr(H 2�)¡c=n}; (6)

where c is a constant determined from the data and the 1− " quantile of the #2 distribution with p(p− 1)=2
degrees of freedom, and �= (1=n)

∑n
i=1 uiu

t
i. For our purposes the exact value of c is not important. Chang

(1986) stated that this con:dence region will have minimum volume if the ui’s are chosen so that �=(1=p)I ,
which can be achieved by taking r observations at each of p mutually orthogonal design directions u1; : : : ; up,
so that n= pr.
We are interested in minimizing the volume when we have only p − 1 linearly independent ui’s which,

from Section 2, is the minimum number of linearly independent ui’s su8cient for unique and consistent least
squares estimation of A. Such a case is of interest, for example, when calibrating orientation measurements
in a large 3-dimensional experimental space, where :xing just two, instead of three, orientations of a sensor
at many predetermined locations of the experimental space can yield a signi:cant savings in time and cost.
Intuitively, the optimal design in p-space would be to take r observations at each of p−1 mutually orthogonal
design directions u1; : : : ; up−1.
Since � is symmetric and nonnegative de:nite, we may write �= PDPt , where D = diag(�1; : : : ; �p), P is

orthogonal, and �1; : : : ; �p are the nonnegative eigenvalues of �. Also, since H =−H t , we have

−tr(H 2�) = tr(H tHPDPt) = tr(PtH tHPD) =
p∑
i=1

�i(PtH tHP)ii ; (7)

which is nonnegative since PtH tHP is nonnegative de:nite and so has nonnegative diagonal elements. Thus
−tr(H 2�) = c is the equation of an ellipsoid in p(p− 1)=2-space. To minimize the volume of this ellipsoid
for a given c, we may, without loss of generality, take P = I . Then from (7), the equation of the ellipsoid
−tr(H 2�) = c, in terms of the component vector h, is given by∑

16i¡j6p

(�i + �j)h2s(i; j) = c where s(i; j) = (i − 1)(p− i=2) + j − i: (8)

The volume of this ellipsoid is proportional to {∏16i¡j6p(�i+�j)}−1, and so we wish to choose �1; : : : ; �p to
maximize

∏
16i¡j6p(�i+�j), subject to the constraint that the �’s are obtained as the eigenvalues of �, which

depends on the design directions u1; : : : ; un. Note that since tr(�)=1, we must have �1+· · ·+�p=1. If we have
p linearly independent ui’s then setting �i=1=p for all i in (8) gives the equation of a p(p−1)=2-dimensional
sphere which minimizes the volume in (8), thus recovering Chang’s statement. If we have p − 1 linearly
independent ui’s, then we may arbitrarily set �1 = 0 and we wish to maximize �2 · · · �p

∏
26i¡j6p(�i + �j).

Clearly choosing �2=· · ·=�p=1=(p−1) simultaneously maximizes �2 : : : �p and
∏
26i¡j6p(�i+�j) and hence

their product. This solution can be obtained by taking r observations at each of p − 1 mutually orthogonal
directions u1; : : : ; up−1, thus verifying our intuition.

4. A numerical example

In this section we compare designs for experiments for p = 3 using observations from simulation. For
given A∈SO(p) and covariate direction ui, we obtain an observed direction vi by simulating the spherical
coordinate angles �i between vi and Aui, and  i between the projection of vi onto the plane perpendicular to
Aui and a :xed direction perpendicular to Aui, for i = 1; : : : ; n, where n is the sample size. The distribution
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Table 1
The mean angular distance (degrees) between Ân and the true A0
for 3 diQerent designs with n=6, as inferred from our simulation
study

Design " ± s:e:

Optimal 2-point design 6:77± 0:02
Optimal 3-point design 6:46± 0:02
Naive 3-point design 7:04± 0:02

of �i is taken to be that of |Xi|, where Xi is normally distributed with mean 0 and variance &2. We take
& = 0:2 corresponding to a mean angle of roughly 9 degrees. To ensure spherical symmetry, we take  i to
be uniformly distributed on the interval [0; 2']. Without loss of generality we take A= I3.
For :xed n, with n a multiple of 6, we compared the optimal 2-point design, the optimal 3-point design,

and a naive 3-point design with design directions u1, −u1, and u2 orthogonal to u1. From the simulations
we obtained the angular distance " between the least squares estimate Ân and the true A0, where the angular
distance is de:ned as

"= cos−1
(
tr(At0Ân)− 1

2

)
;

with 06 "6 180 degrees. The angular distance is a measure of closeness between A0 and Ân and equals 0 if
and only if Ân=A0. We note that minimum volume con:dence regions are obtained with the optimal 3-point
design, but that, when p=3, the minimum volume con:dence region obtained from the optimal 2-point design
has volume just 1.08 times the volume of the corresponding con:dence region from the optimal 3-point design,
so we do not expect a large diQerence in the angular distances obtained from these two designs.
We simulated a range of values of n from 6 to 240. As one might expect, the mean of "

√
n appeared to

be independent of n; we were thus able to pool all of the simulations to obtain the estimates of " shown in
Table 1.
We note that the mean error with the optimal 2-point design is about 5% larger than that of the optimal

3-point design, and about 4% smaller than that of the naive 3-point design. These are not large diQerences,
but the potential savings in time and eQort aQorded by implementation of the 2-point design, especially
when conducting spherical calibration experiments at many locations in space, may make the 2-point design
desirable.
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