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SUMMARY OF IMPORTANT POINTS DISCUSSED IN THE
LECTURE

The following concepts/theories were covered/reviewed:

1. Cross variations of BMs: Since each componentW j
t is a one-dimensional

BM, we have dW i
t dW

i
t = dt and if i 6= j then dW i

t dW
j
t = 0. Note that

a sketch of the proof of these results was presented in the lecture.

2. Multi-dimensional Itô formula: We write the Itô formula for two pro-
cesses driven by a 2-dimensional BM. The formula generalises to any
number of processes driven by a BM of any number of dimensions.

Consider the process Zt =

[
Xt

Yt

]
= Z0 +

∫ t

0

γsds+

∫ t

0

KsdWs. Here,

Z0 =

[
X0

Y0

]
, γs =

[
αs

βs

]
,Ks =

[
K11

s K12
s

K21
s K22

s

]
and dWs =

[
dW 1

s

dW 2
s

]
.

Remark: Such processes, consisting of a non-random initial condi-
tion, plus a Riemann integral, plus one or more Itô integrals, are called
semi-martingales.

The integrands αs, βs and Kij
s can be any adapted processes.

Let f(t, x, y) be a function of 3 variables and suppose Xt and Yt are
semi-martingales with dynamics given above. Then,

f(t,Xt, Yt) = f(0, X0, Y0) +

∫ t

0

(
∂f

∂s
+ α

∂f

∂x
+ β

∂f

∂y
+

1

2

[
(K11)2 + (K12)2

] ∂2f
∂x2

+ (K11K21 +K12K22)
∂2f

∂x∂y
+

1

2

[
(K21)2 + (K22)2

] ∂2f
∂y2

)
ds

+

∫ t

0

(
K11∂f

∂x
+K21∂f

∂y

)
dW 1 +

∫ t

0

(
K12∂f

∂x
+K22∂f

∂y

)
dW 2.



3. Stochastic Differential Equation (SDE): An SDE is an expression of
the form dXt = µ(t,Xt)dt + σ(t,Xt)dWt. Here, W is a standard BM
on (Ω,F , P ) and X0 ∈ IR is given. A process X is a solution of the
SDE if

Xt = X0 +

∫ t

0

µ(s,Xx)ds+

∫ t

0

σ(s,Xs)dWs ∀t ≥ 0, and ∀ω ∈ Ω, a.e.

A solution to the SDE above exists if the drift and volatility com-
ponents satisfy the Lipschitz conditions. These conditions were dis-
cussed in the lecture. The solution is also adapted to {Ft}.

4. Girsanov theorem.
(i) Suppose γ is an Ft−adapted process. Consider

Λt := exp

(
−
∫ t

0

γsdWs −
1

2

∫ t

0

γ2sds

)
and

∫ t

0

γsdWs is a stochastic

integral. We require E

[∫ t

0

γ2sds

]
< ∞. We proved that Λt is a mar-

tingale (using the martingale property of a stochastic integral). A suf-
ficient condition for Λt to be a martingale is the so-called Novikov’s
condition; this was also discussed in class.

(ii) Also, E[Λt] = 1 and Λt ≥ 0 So, Λt can be a candidate for a
density.

(iii) We define a new probability measure Q on FT via the Radon-

Nikodŷm derivative
dQ

dP

∣∣∣∣
FT

= ΛT . In other words, if A ∈ FT then

Q(A) :=

∫
A

ΛTdP.

(iv) We note that W is no longer a BM under Q. However, WQ
t is

a BM under Q where WQ
t := Wt +

∫ t

0

γsds.
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(v) We proved that when we introduce the measure Q, we remove
the mean γt (assuming γ is constant in (iv)) from WQ

t . The measure
Q changes WQ

t so that it has a zero mean.

5. When we use Girsanov’ theorem to change probability measure, means
change but variances do not and hence; martingales may be de-
stroyed or created.

6. Calculation of the Unconditional Expected Value of a RV φ under Q
but in terms of measure P : For an FT−measurable φ,

EQ[φ] = E[ΛTφ].

(ii) Calculation of the Conditional Expected Value of a RV φ under Q
but in terms of measure P : We have here the Bayes’ rule for conditional
expectation given by

EQ[φ|Fs] =
E[ΛTφ|Fs]

E[ΛT |Fs]
.

That is, E[ΛTφ|Fs] = EQ[φ|Fs]E[ΛT |Fs] for s ≤ T.

7. Using the Bayes’ rule, we showed in class that WQ is a martingale un-
der the measure Q.

8. We considered a market model consisting of (i) a bank account that
earns the interest rate following an Ft−adapted process rt, 0 ≤ t ≤ T
and (ii) a risky asset (“stock”) St, 0 ≤ t ≤ T. Assume dSt = µtStdt +
σtStdWt where µt and σt are adapted to Ft.
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9. We examined the dynamics of the wealth process Z of an agent who
invests in the riskless asset (bank account) and a risky asset. In par-
ticular, dZt = ∆(t)dSt + rt(Zt −∆(t)St)dWt where ∆(t) is the number
of shares that the investor needs to buy/hold at time t. The first com-
ponent of the increment dZt is the capital gains from the stock whilst
the second term is the interest earnings.

10. Denoting the compounding factor by β(t) := exp

(∫ t

0

rudu

)
so that

dβ(t) = rtβ(t)dt, we showed that d

(
St

β(t)

)
=

1

β(t)
σtSt[γ(t)dt + dWt]

where γ(t) =
µt − rt
σt

. We call γt as the market price of risk. Conse-

quently, by the measure change WQ
t := Wt +

∫ t

0

γ(u)du, we obtain

d

(
St

β(t)

)
=

1

β(t)
σtStdW

Q
t . This means that the discounted price pro-

cess S̃t :=
St

β(t)
is a martingale. Similarly, it may be shown that the

discounted wealth process Z̃t :=
Zt

β(t)
is also a martingale.
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