Moments or Expectation of Functions of Random Variables

Definition 1 For a discrete random variable X define the expected value of X as
E(X)=Y zP(X =)

provided this sum is well defined.

The sum is well defined provided it is either finite, +00 or —oo. The only case it is not well defined is if

Za:P(X =1z)=-00

<0

and

ZxP(X:a:):oo.

x>0

Suppose we consider a function of a discrete r.v. X, that is Y = g(X). How can we calculate E(Y)?
According to Definition 1 we first need to find the distribution of Y. However there is a simpler calculation
that can avoid this intermediate step of calculating the distribution of Y. Proposition 1 gives this result.
Notice that the formula

E(Y) =) g(2)P(X =)

is not a new definition for expectation, it is just a consequence of the basic Definition 1.

Another consequence of this definition is that for a continuous r.v. X with pdf f

o0
E(X) :/ xf(x)dz
—0o0
provided the integral is well defined (recall how such integrals are given in terms of limits of definite
integrals). In particular this is not a new definition. It means that amongst other consequences when
one needs to find properties of expectation one can usually just work with Definition 1. This derivation

is not explored or studied here.

In fact the basic Definition 1 is the only definition we need. All the other properties of expectation
are consequences of this one definition. We explore some of these here, but only prove these in the case

of discrete random variables.

Proposition 1 Suppose X is a discrete r.v. and Y = g(X) for some function g. Suppose also that

S lg@)|P(X =) < o0 .
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Then
EY)=) g@)P(X =) .

Suppose X is a continuous r.v. and Y = g(X) for some function g. Suppose also that

/ " lg(@)| fx @)z < oo .

Then o
B(Y) = / o) fx ()

— 00

Proof : This is only proven for the discrete case.

In terms of Definition 1 we have

EY) = S yP(Y =y)

Yy > P(X=ux)

w:g(x)=y
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The second line of this calculation computes the distribution of Y in terms of the pmf of X. The third
line interchanges the order of summation, which is justified (see first year calculus) if the double sum is
absolutely summable, which is implied by the condition in the Proposition. The fourth line calculates
the inner part of the iterated sum, which is now a sum over a single value y after fixing x in the outer
sum.

End of Proof.

Can we similarly calculate the expected value of functions of several discrete r.v.’s?

Proposition 2 Suppose X1, Xo, ..., X,, are discrete r.v.s and Y = g(X1, Xs, ..., X,,) for some function
g. Suppose also that

S Mg, mn)[P(Xy =1, X = 1) <00

1 T2 Tn

Then
E(Y) :ZZ...Zg(xh...,xn)P(Xl =21y, X =Tp) .

1 T2 Tn
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Suppose X1, Xs, ..., X, are n-variate continuous r.v.s and Y = g(X1,Xs,..., X,) for some function

g. Suppose also that

oo o0
/ / lg(z1, - xn) | fxy, x0 (@1, - Tp)dTy o2 < 00 .
— 00 — 00

Then . oo
EY) :/ / g(@1, . xn)fxy o x, (X1, T )dTy oy

The proof is completely analogous to the proof of Proposition 1.

Proposition 2 lets us avoid having to calculate the distribution of Y, which can be a considerable
saving in work, depending on the calculation needed. The result is not a new definition of expectation,

but only a consequence of the basic Definition 1.

There is a definition of expected value for a continuous random variable. It is also a consequence of

Definition 1, but that is a relation or derivation is not discussed further here.

There are also analogues for expectations of functions of continuous random variables, such as Theorem

4.1.B, page 123 in the text. The proof for this is a technically more complicated than in the discrete case.

A further consequence of Definition 1 is that it is possible to find formula by which one can deter-
mine expectations for r.v.s which are neither discrete nor continuous or for bivariate r.v.s for which one

component is discrete and one continuous. We do not explore these further in this course.
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Suppose X,Y are bivariate discrete. How do we calculate E(X)? Consider the function g : (z,y) — x.
Thus X = ¢g(X,Y). By Proposition 2

E(X)

E(9(X,Y))
ZZg(x,y)P(X =z,Y = y)

Zx{ZP(X:x,Y:y)}
= ZxP(X:w)

by the property of calculating the marginal distribution of X from the joint distribution of Y.

Continuing with this same example how do we calculate the expected value of XY? Consider the
function g : (z,y) — xy. Thus XY = ¢(X,Y). By Proposition 2

E(XY)

E(9(X,Y))
> gla,y)P(X =2, =y)

= Y ) wP(X =zY =y)

How can we calculate the expected value of aX + bY for some constants a and b? Consider the
function ¢ : (x,y) — ax + by. Thus aX 4 bY = ¢g(X,Y). By Proposition 2, and using an additional
requirement that E(|X|) < co and E(]Y]) < oo, then

E(aX +0bY)

E(9(X,Y))
= Zzg(ai,y)P(X:fL',Y:y)

= Z Z(am +by)P(X =2,Y =y)

= a) Y aP(X=2,Y =) +b> > yP(X =x,Y =y)
= a) aP(X=z)+bY yP(Y =y)

Where do we use the fact that E(|X|) and E(|Y]) are finite?



Stat3657: Expectation 5

Suppose that X and Y are independent. Suppose also E(X) and E(Y") are finite. Then

E(XY) = ZZmyP(X:%Y:y)
> Z ryP(X = z)P(Y =)

- e (g-a)}

= Z{TP JE(Y)}

= {ZxP(X = m)} E(Y)

= E(X)E®Y)

Where is it required that E(X) and E(Y) are finite numbers?

The student should now try to find a formula to obtain E(hA(X)g(Y)) in the same setting. That
is suppose that X and Y are independent, that h(X) has finite expectation, and that g(Y) has finite

expectation, then prove that

Notation and terminology

e E(X%) is called the k-th moment of the r.v. X, or more precisely of the distribution of X.

e Suppose X has mean p = E(X). The k-th central moment of X (or more precisely of the distribution
of X) is
E((X - ")

Of course by definition the first central moment is 0. The second central moment is the variance. If a

r.v. has mean 0, then the moments and central moments are the same.

Consider a standardized r.v. (with enough moments as needed for these terms below)

Y has mean 0 and variance 1.

e Skewness

p|(X22Y] = e

o Kurtosis

g

E _(X ‘“)4_ - LE(x -

For a symmetric distribution with 3 moments, skewness = 0. Kurtotis is a measure often used as a test
of heavy tails, that is heavy with respect to the normal distribution. Kurtosis for a normal distribution
= 3; the student should evaluate this to verify the result.
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Ezample 1
X = the number or trials (tosses) till the first success.

X ~ Geometric( p) with pmf

where 0 < p < 1.

Calculate

S

k=1

X% =3 Ka-p!
k=1

and

To do this we use some properties of power series, in particular the power series

o
= E ;L'k =
k=0

provided that |z| < 1. The radius of convergence for this power series is p = 1. If |z| < p, that is less

than the radius of convergence, then one can integrate from 0 to z or differentiate at = term by term,
and the new power series also has the same radius of convergence. Thus we obtain for example

S'(x) = ikxkil = dS(z) =(1-x)7?

dzx
k=1

and

2
S (x Zk — 1z Q_dds(z) 2(1 —z)~3

Note for example in the first derlvatlve the term corresponding to k = 0 has derivative 0 and so the sum
goes from 1 to co. Similarly for the second derivative the derivatives in the sum for £ =0 and k =1 are

both 0, so the sum goes from 2 to co.

Since 0 < p < 1, thus

E(X) = {Zk(l —p)’“}p

k=1

2, P _ -
(I=0=p)"p="175

I
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=
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Thus

Example 2
Consider a negative binomial X with parameters r and p. Suppose also that r is an integer.

As with the geometric distribution there are two equivalent r.v.s called the negative binomial r.v.

Here we consider X to be the number of trials, for iid Bernoulli p, till the r-th success. Thus X has pmf

k—1

P(X=k)= <T1>pr_1(1—p)k_r s k=rr+1,r+2,...

X has an equivalent representation of
X=V"1+Ye+...+Y,

where Y; are iid geometric p, where Y is the number of trials till the first success in iid Bernoulli p trials.
See the example above.

Thus
E(X)=EMY1)+E(Ys) +...+E(Y;)
and
Var(X) = Var(V1+Ye+...4+Y;)
= ZVar(Yj) + Z Cov(Y;, Yx)
j=1 j#k
= rVar(Yr)

The student should finish this example at home.
Ezxample 3 See the bivariate normal handout
Example 4 Gamma distribution

Suppose X ~ Gamma(a, A)

oo

B(X) = / o f (x)dz

— 00

> 1 —1 -\
= T 47 N Y
/0 ['(a)

1 /OO Fl-lya,—A
= — i Ae Ydr
L(a) Jo
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_ F(a + 1) / 1 xa+171)\a+167Axdl'
A
- ¢
A

At home find a formula for E(X?), Var(X) and E(X*) for integers k > 1.
Ezxample 5 Lognormal

Y is said to have a log normal distribution if it has pdf

1 (og(w)=w)?
= e 222 I(y>0
In fact Y is said to have a log normal distribution if and only if it is of the form Y = e where

X ~ N(p,0?).

We may calculate

1 _ (og(m)—m? 1 _ (og(y)—p)?

E(Y) = e 252 dy = e 202 d
(¥) /0 yyax/27r 4 /0 oV 2 4

but on initial inspection this is not straightforward, or at least requires some change of variables.

We may also calculate

E(Y) = E(eY)
[e%e] 2—p)?2
= / e’ L 67(202) dx

oo OV2m

oo _1l(E@=nm)2_ _
= / ;e 2{( ) 2x}dm (nowsetw:m ﬂ)

—co OV 2T 7
o0
= / ! e~ 3{w* 20wt} s,
—co OV 2T
= /OO %6_%{wz—%w—Q—UZ—Uz—Q“)}dw
—oo V2T

= [ et et w)

oo V2T
— 3ot
since the integral evaluates to 1, because it has integrand which is the pdf of a N (o, 1) distribution.

The calculation above is also a special case of moment generating function calculations, and the MGF

for normals is known and the student will calculate it at that time.
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Chebyshev’s Inequality

This inequality is useful since it gives an upper bound for tail probabilities that uses no special
properties of the distribution but only the second moment. An exact calculation would involve calculating
quantiles. This upper bound is easier to calculate and may be much larger than the true probability.

However for some purposes it gives a good enough answer. Some of these ideas are discussed later.

X is a random variable with mean y and variance o2.

In the continuous case with X ~ f, and a > 0

Var(X) = E((X - p)?)

— [ -t

> —u)? d

> /{ o e

> a’f(x)dx
/{z:zwa} .

= a2 d
‘ /{m:|mu|>a}f(x) ’

= @P(X 4 >a)

Thus we obtain Var(X)
ar
—— 2 P(X —pul>a) (1)

Relation (1) is also true for any other random (discrete or continuous) with a finite mean and variance.

It is known as Chebyshev’s inequality; see text Section 4.2.

One of its important immediate consequences is in the special case when 02 = Var(X) = 0. See
Corollary A, p 134.

Below is a proof for this Corollary.

For any number € > 0 we have

[\~

o 0

Therefore
P(X=p) = P(X - pul=0)
— 1 P(IX — ] > 0)
= 1— lim P(|X —pu|>¢€)

e—0t
= 1— lim 0O

e—0t
= 1-0=1.

Covariance and correlation are useful and important notions.
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Covariance

Cov(X,Y)=E((X — ux)(Y — py))

Correlation

Consider the standardized rv’s

Then
corr(X,Y) = p(X,Y) = Cov(Zy, Z2)

that is correlation is the covariance of the two standardized r.v.s. Some texts use the notation p(X,Y")
for correlation and some use corr(X,Y). From this we can also find that

XY
corr(X,Y) = Cov(X,¥) )
OxXO0y

Proposition 3 Suppose X, Y have finite second moments. The correlation of r.v.s X,Y, say p, then
satisfies —1 < p < 1.

Corollary 1 Under the conditions of Proposition 3 then

o If p=1 then
Y=aX+b
for constants a,b and a > 0
o If p=—1 then
Y=aX+b

for constants a,b and a < 0

Proof We only do the first part, and the student should do the second part.

X — Y — X — Y —
Var{ px ,uy} :Var{MX}—2p(X,Y)+Var{'uY} =2-2p=0
ox oy ox Oy

Therefore noting that

O—E{X_#X Y—MY}
ox Oy

then by Proposition 3 we have, with probability 1,

X—/.Lx_Y—,uy
ox oy

=0

Rearranging this gives

oy oy oy Oy
Y=py+—X—-—ux=pyr— —px+—X.
ox X Ox ox
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This is of the required form with
Oy %%
a=—, Hy — —Hix .
X X

End of Proof

The student should work through the correlation p = —1 case.

If X,Y are independent and have finite second moments then Cov(X,Y) = 0 and corr(X,Y) = 0.
However if Cov(X,Y) = 0 ( corr(X,Y) = 0 ) it does not imply that X,Y are independent. We have
various examples to show this. However in the normal case, we have independence if and only if the

correlation equals 0. See bivariate normal handout.



