Statistics 3858 : Construction of Two Common Types of

Estimators

Estimators are statistics used to estimate parameters or functions of parameters for a statistical model.
Here we consider finite parameter models. Let © be the parameter space.

Consider the typical setting of the random data Xi, Xs,..., X, being iid from a distribution that
belongs to a statistical model. That is X; are iid with distribution f(-,0) where 6 € ©, but unknown.

The first method we discuss is the method of moments. The other commonly used method is the

method of maximum likelihood, and is discussed in a later handout.

1 Method of Moments

Let p = E(XF¥). Notice this expectation depends on the parameter 8, and so we write uz(0) = Eq(XF).

The subscript 6 is denote the dependence on the parameter 6.
Aside To help clarify this notation and idea recall, in the continuous r.v. case that we define, when
finite,
(oo}
B(X*) = / o F(2)da (1)

—o0
In the case of a statistical model with parameter space © possible choices for the pdf f are f(+;60). Thus

in (1) we have a possibly different value for this integral for each possible choice of §. Thus we have

Eg(X") = /OO ok f(x;0)da .

—o0
which gives a mapping 6 — Eg(X) = ux(0).
In the case of a discrete r.v. we have a similar property.

End of Aside

Notice this gives a mapping 6 — ux(6), typically a many to one mapping. However we can often find
a mapping
0 (1“'1(0)’ /1'2(0)a s nU'K(g))

so that this mapping (or function) is a one to one function. Specifically this gives a function

h:0— RX .
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When we restrict the range appropriately this is a 1 to 1 function. Therefore, when using the domain
© and suitable range, the function h has an inverse h~!. Usually K = d where d = dimension(0), but

sometimes we need to modify this to obtain a 1 to 1 function. Specifically we have

0 =h=" (u(0), p2(0), .. ., px(0)) -

Examples : (fill in details)

Exponential , Bernoulli , Poisson , Normal, Gamma, N(0,c?)

Bernoulli and Binomial

If X ~ Bernoulli(f) then Ep(X) = 6. Thus for a given value of p; = E(X) we can determine 6 = p;.

If X ~ Binom(m,#) then Ep(X) = mf. Thus for a given value of u; = E(X) we can determine
=L

Notice that if X1,..., X,, are iid Bernoulli(d) then Y = X; + X5 + ... + X,,, ~ Binom(m, 6).
End of Example
Exponential
If X ~ exponential, § then X has pdf
f(x;0) = e %1(x > 0)

The parameter 6 belongs to the parameter space © = (0,00). Eg(X) = & and Ep(X?) = Z. Thus we
have a mapping
HH%EQCY)Z

S

This produces a mapping h : © — RT given by h(#) = ;. This has an inverse mapping h~' : RT - ©
given by h=!(z) = 1. Thus for a given value y = E(X) we can determine

1
0=nh"Yu==.
(1) m

We do not need to use the second moment, since stopping at the first moment produces a 1 to 1

mapping between © and the set of possible first moments.
End of Example
Gamma Example

If X ~ Gamma(a, A) then X has pdf

Aaxafl

e M(x
() I(z > 0)

flz;o,\) =

and ) ( )
« 9 «Q « ala+1
Ml(aa)\):Ee(X):Xa pa(a, A) = Eg(X ):ﬁ F:T
In this example it is not possible to find a 1 to 1 mapping between © and the possible values of the
first moments. This is because © is of dimension 2 and the set of possible first moments is BT, a set of

dimension 1. Thus we next have to consider first and second moments.
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The above formulae gives us a mapping h : © — B, where
B = {(p1, p2) : p1 > 0, a2 > 0, puo — i3 > 0}
This formula can be inverted, that is an inverse map can be found.

Given (p1, p2) € B, that is such that us — u? > 0, we can then solve

a —_
N 231
ala+1
r) _
The solution is
A= M
M2 — p1
2
o H1 .
M2 — py

Thus knowing the parameter § = (a, A) is equivalent to knowing the value (u1,u2) € B.

End of Example
Normal mean 0
This is an example where the construction of the method of moments estimators does not start at 1.
X ~ N(0,0), with 6 € © = (0,00). Then
Eo(X)=0, Eg(X?) =6

Notice if we have a possible value of p1 in this case, the only possible value is ;7 = 0 and then we cannot
find an inverse map to determine what is the corresponding value of §. However for a given possible value
of ps then we can determine (that is find the corresponding value) 6 from

p2 =10 .

End of Example

Let

be the k-th sample moment. Let

én =ht (ﬂl,n(9)7 ﬂQ,n(e)v <o aﬂK,n(Q))

We call 6,, the method of moments estimator. It is also sometimes called the moment matching method,
but the usual statistical terminology is the method of moments.

Examples : (fill in details)

Exponential
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The method of moments estimator for 4 is obtained by solving

In this particular example we can calculate the expected value of 0,,.

If Xq,...,X, are iid exponential, 6, then T,, = X; + ... + X,, has Gamma(n, #) distribution. The
student should verify this at home. The simplest method is to use moment generating functions.

1 1
1 gngn!
= n/o ;we,gidm
_ nl'(n—1)0 /°° 9”7133(”71)’1679960{3:
I'(n) 0
nl'(n —1)0
L'(n)

Therefore

We can therefore determine that the method of moments estimator is not unbiased. However we can

construct another estimator from this that does happen to be unbiased. What is it?

We can also determine the distribution of )—% = 7. Let fr be the pdf of T),. It is the Gamma(n, 0)
pdf. Set W = 7. The pdf of W is the of course the pdf of )—%, and we are just using more convenient
notation of the type used earlier in Chapter 2. The from the methods in Chapter 2 we obtain the pdf

fW of W

n n
Jw(w) = fT(E) | w2
For w <0, fw(w) =0. For w >0
n,n
fww) = fT(E)ﬁ
n (n\"—1
0 (E) g
I'(n)w?
_ n"o" Le)
I'(n)wntt
End of Example
Gamma Example
X;,i=1,...,n are iid random variables from the Gamma model. The method of moments estimator

is then
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~ /},1,
An = %
H2mn — K1 p
~ N o ﬂl,nﬂl,n
Gp = =Apflin = 5
:u’2,n - /’L17n

End of Example
Normal mean 0
We have a 1 to 1 mapping © — R™ given by
0 Eg(X?)=pp =06 .

Thus the method of moments estimator is
1 n
5 - 2
(971 = H2.n = E ZXl
=1
This is an example where we do not use fi , = X,, to construct our method of moments estimator

End of Example
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Return to the exponential 8 example. We also have

2
Ey(X?) = o5

so the method of moments also gives an estimator based on solving

2
072 = H2,n
yielding an estimator
V2
V ﬂ2,n

‘We now have two estimators én and én Which estimator is better?

6, =

We can also obtain a third estimator, using the property that Var(X) = 0%. This suggests, as an
estimator of 6 based on the same general idea as the method of moments estimator, the following :

03,77, =

)
2

where S2 is the sample variance.

Which is the best estimator?

To answer this we need to think about what this question might mean and how we can proceed to

compare estimators.

The paradigm for determining properties of estimators is to to use the sampling distribution, for each
possible 8 € ©, of an estimator. When possible we do this for each relevant sample size n, especially if we
can determine the sampling distribution of the estimator, say 6,,. Often however the sampling distribution
of 6, is not easy to calculate. In this case we often use one of (i) asymptotic or approximate sampling
distribution for n large or (ii) for an appropriate and manageable set of values 61, ..., ) use simulation or
numerical methods or (iii) use non-parametric methods. (i) is often based on an approximation derived
from some methods related to the central limit theorem. (ii) typically uses Monte Carlo simulation
methods and is sometimes called the parametric bootstrap. (iii) there are some special methods such as

the Wilcoxon rank test and various so called permutation tests; the non-parametric bootstrap.

The non-parametric bootstrap is a very useful method in practice. However before trying to under-
stand some of the intuition behind the bootstrap method it is very helpful to understand parametric

estimation and the parametric bootstrap.

To compare two estimators, say él’n and ég,n we use properties of their sampling distributions. Ideally

we would say élyn is a better estimator of 8 that ég,n if it is closer in probability, or more specifically if
Py (| b1 —0|< a) > Py (| O — 0 |< a) (2)

for every number a > 0. This is generally not the case, but it gives us way of contemplating better in a

probabilistic sense.

See the R script file for this example to see how we can use computer simulation to evaluate this, at

least for one specific parameter value.
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In general this is not easy to do. However if é1,n and ég,n are unbiased estimators of # and are

approximately normally distributed this idea is easier to implement.

The R script file shows this for a sample size n = 40 for two estimators for an iid sample from an

exponential parameter A\ family. For 5\17n = )—% the delta method applies, giving
V(AL —A) = N(0,A%)

in distribution as n — oo. The R script shows this approximation is reasonable for n = 40. The same is
true for the estimator /A\gm =1/4/52, but we need further properties about convergence to verify this.

In this case
V(b1 —0) = Wi ~ N(0,77)

in distribution as n — oco. In the above example the variance for the limit distribution would be A2.

Therefore
R 01, —0
p9(|917n79|<a> — p9<\/ﬁ| 1, |<a\/ﬁ>
7 4t
ay/n
~ Pz <—)
ga!
= P(W| < avm)
Similarly

V02, — 0) = Wa ~ N(0,73)

in distribution as n — oco. Therefore

R -
Py (16 —01<a) = %<wu2, |<aﬁﬁ

71 72

a\/ﬁ)
Y2

= P(W2| <avn)

Q

P(Z| <

Thus we can implement the idea behind (2) by comparing these two approximate normal probabilities.
In particular if Var(él’n) < Var(élﬁn) then estimator élﬁn is closer to # than is ég’n in this probability

sense.

If estimators have an approximate normal distribution, and are unbiased, then we can decide on the
better estimator by comparing variances. This single number, variance, replaces an in principle more

complicated comparison (2).

What happens if the estimators are not unbiased?

Eo ((0n=0?) = Eo ((Bn— Eo(0a) + Eo(0) - 0)%)

add and subtract the mean of the estimator

o (6~ Eo0)?) =269 (16, —Ea0.)) ¢ (E0 (3,) ~0) + (5 (3.) —0)°
(6~ Bat@u)?) + (B (32) - o)’

= Var(d,) + (Bias(én)>2

= E@
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We call this term the Mean Square Error (MSE) of 6,

MSE(6,,) = Var(6,,) + (Biaus(én))2

Thus to compare two estimators that have a normal or approximate normal distribution, we can

compare them by comparing their MSE. The estimator with the smaller MSE is the better estimator.

We return to this idea in Rice Chapter 8.7.



