Statistics 3657 : Convergence

Definition 1 Let X,, be a sequence of r.v.s. We say X, converges in probability to a constant a if and

only if for any e > 0
P(| X, —al|>¢)—0

Theorem 1 Suppose X; is a sequence of iid random variables with mean pu and variance o2. Let

>
i=1

X, =
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Then X,, converges in probability to .

Proof Notice that Var(X,,) = %2 Therefore Chebyshev’s inequality applies and X,, has finite mean and
variance. Thus by Chebyshev’s inequality
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Convergence in Distribution
Definition 2 Let X,, be a sequence of r.v.s. with cdfs F,,. We say X,, converges in distribution to (the
distribution with the cdf) F if and only if for all x such that F is continuous at = the following holds

F,(x) = F(z) asn — o0

We often write or state this as X,, converges in distribution to X iff and
F,(x) = F(z) asn — oo
at all continuity points of F', and where F' is the cdf of X.

The convergence is required only at continuity points of the limit cdf F'. Convergence in distribution

is a property about convergence of the cdfs.

In the special case where X,, and the limit cdf are both discrete and have support the integers there

is an equivalent form of convergence in distribution. We state it without showing they are equivalent.

If X,, are all integer valued r.v.s and F' also has support being the integers, then X,, converges in
distribution to F' if and only if all the point probability masses converge, that is

P(X,=k)—> P(X =k).
Aside : There is an analogous result for discrete random variables as long as the support of all the X,

and X is the same. For example this can be used to describe convergence to other discrete distributions

such as multinomial.
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Convergence of binomial to Poisson

Suppose X,, has Binomial( n, p,,) distribution. Suppose also that np,, — A > 0. ThenX,, converges in
distribution to Poisson, A\. We verify this by the definition. Fix an integer £ > 0. We study the sequence
P(X, =k).

P(X,=k) = (Z) (1—pn)" " pk
_ n(n—l)...(n—k+l)(l_pn)n_kp,;

k!
(1= pa)" " (npn) (0= Dpp) ... (0 — k + 1)py,)

{(1="2Y @ = p) ™ Hmpa) (0= Dp) - (2 = e+ D)}

1
k!
1
k! n
In this last expression the first term is a constant, 1 over k!, the second term converges to e~*, the third

term converges to 17% = 1, and the fourth term converges to A*.

Recall from introductory calculus that if we consider a product of terms a,,b,,, and a,, — a and b,, — b,
then a,b, — ab.

Thus for each integer k£ > 0

17)\]9 )\k -

This limit is the pmf of a Poisson A distribution. Thus X,, converges in distribution to Poisson A.
In Chapter 2 this result is given for p, = %

Remark Usually we cannot find the limit pmf or cdf so easily. Instead there is another method that
can be used to show or prove convergence in distribution. It is a result called the Continuity Theorem.

We state it but do not proof this result as it is beyond the mathematical tools we have at this stage.

See the Rice text, Section 5.3, Theorem A.

Theorem 2 (Continuity Theorem) Suppose F,, is a sequence of cdfs, each with moment generating
function (mgf), and let M, be the mgf corresponding to cdf F,,. Let F be a cdf with mgf M. If M, (t) —
M(t) for allt in this open interval about 0, then F, converges in distribution to F.

Remark Theorem 2 gives us another tool to show that a sequence of random variables, or equivalently

their sequence of cdf-s converge in distribution, that is F),, converges to F' in the sense of Definition 2.

Sometimes this calculation of working with the mgf is much easier than the cdf F,, directly. We may
not even be able to easily calculate the cdf F, easily, for example in the case of the cdf of /n ()_(n — ,u)
that comes up in the Central Limit Theorem.

FEzample This is a continuation of the example of above. Suppose X,, has Binomial( n,p,) distribution.

Suppose also that np, — A > 0. ThenX,, converges in distribution to Poisson, A.
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First recall that the Poisson mgf is obtained as follows. Suppose Y ~ Poisson .

M(t) = E(Y)

X, has mgf
M,(t) = (1 —pp +pne’)” = (L+pa(e' —1))"

We need to show for each ¢ in an open neighbourhood of 0, that M, (¢) — M(t). Since M, and M are
defined for all ¢, we just show for each ¢ that M, (t) — M(t).

M,(t) = (L+pule'—1)"
_ (1+"§"(t—1)>n
(i

Since for sequences a,, — a we have

and using the property that
npn (e’ —1) = Aet — 1)

we then obtain
M, (t) — ') = M(1)

Thus by the Continuity Theorem (Theorem 2) X, converges in distribution to Poisson .

Remark This is only a little easier than the direct method.

End of Example

FEzample Refer back to the handout on moment generating function, specifically the last calculation.
There we considered the example of X; iid mean 0 and variance 1, and then considered the random
variable

If X has mgf Mx then Z,, has mgf

We also showed that
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Recall that the standard normal distribution has mgf M(t) = e2*". Thus we showed that M, (t) — M(t).
Therefore by the Continuity Theorem we conclude that Z,, converges in distribution the standard normal

distribution.

End of Example

Theorem 3 (Central Limit Theorem) Suppose that X; are iid random variables with mean p and

variance o2. Let

Then Z,, converges in distribution to N(0,1).

Remarks Z, is the standardized random variable obtained from X,,. Let
S, =X1+Xo+... X, .

Then Z,, can be rewritten in equivalent forms.

\g|

l:ﬁ

X, —
Z, = L e
no
n — N
0—2
- Xi—p
i—1 g

n

Vno?
1

Bl

n
2

Proof of Theorem 3 : Let Mcx be the moment generating function of the standardized X, that is

the mgf of % Let M, be the mgf of Z,,. Then using the calculation in the previous example we have

My (t) = (Mcx(jﬁon — st

Note also that M(t) = e’ is the mgf of the N(0,1) distribution. Therefore by the the Continuity
Theorem (Theorem 2) Z,, converges in distribution to N(0,1).

End of Proof

We could also have worked the proof by studying

Mo (t) = B <exp{\/;w(X - u)}>n _ (M (\/%0> e‘éﬂ)n .

Thus we would then have to study the limit, as n — oo, of the expression

log (M, (1)) = nlog (M (\/%U)) - n%

Using the I’Hopital’s method as we did in class we have

n—oo n—oo

. t
= Jim n {log (M <m>

lim log (M,(t)) = lim {nlog (M ()
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The student should finish this at home. Notice that one cannot separate the two terms in the numerator

and take limits separately as these individual limits do not exist. For the second of these we would have

and this last limit does not exist.
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FEzxzample

In order to help the student understand this calculation of working with the MGF of the standardized
sum consider the case of X; being iid Gamma(a, A). Recall this distribution has MGF

From this we obtain

o «
E(X) = X , Var(X) = P
Notice also that
4 VA9
%
A — Ao
a\/ﬁ Va "
DN
- L ZXl —avn
a+/n
i=1
The MGF of Z,, is M, given by
M,(t) = E/(e'%)

I
5
2>

S

Next notice that

We now study the natural log of the MGF M,,, and take limits as n — oco.

log M, (t) = —nalog(l )—t\/a\/ﬁ

Lt
R
‘“”{bg (1 - \/5\/73) * \/&\/ﬁ}

et ) )

Notice this is of the form where, as n — oo, the numerator and the denominator both converge to 0.
Thus we can embed the limit into the form of a limit in terms of 8 — 0, where 6 corresponds to %, and

then use L’Hopital’s Rule to evaluate the limit in terms of § — 0.

Aside: Review the use of this technique in the handout on MGFs. In the calculation below we will
use L’Hopital’s Rule in the third and fourth lines.
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Thus
lim log M,,(t) = —a lim ! log (1 - ! + i
n—o00 & HMn - n— o0 1 2 & \/a\/ﬁ \/a\/ﬁ
(%)
.1 t t
= —agl_r%e—z {log (1 - ﬁﬁ + \/50}
—1
1 t t t
= —alim — 1——0 —1)—+ —
0‘95%29{( a> ( )\/aJr\/a}
-2 2
= —alim - { <1 — t9> (-1)3 (t)
0—0 [e% [e%
t2
~ %2
t2
-2
Thus
t2
and hence ,
M, (t) = e7

Since the limit is the MGF of the standard normal distribution, therefore by the Continuity Theorem Z,,

converges in distribution to N(0,1).
End of Example

In the above example we used L’Hopital’s Rule to obtain the limit. We can also use Taylor’s formula.
This Taylor’s formula will involve the expansion of g(z) = log(1 — z) about the value zy = 0. Notice this

is because we have to work with

t
ot (1~ s
and for large n the function g is evaluated at ﬁ, that is a value near 0. Next notice that we have to
study
nlog(l — ;) =ng (1> .
Voy/n vayn
Thus for the Taylor’s approximation formula we will need to go out to order high enough, that is to

degree k so that the terms we ignore or drop in our approximation are small, that is k so that

1 E+1
nl ——
()
converges to 0 as n — co. Notice that when k£ = 2 and so k + 1 = 3, then this term is

1 1
——=—= —0asn—o00.

\/53/2 vn

Thus we will need to use k = 2, and hence use a Taylor’s formula or Taylor’s approximation of degree 2.

We have

g'(x) =

@) = —g—
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Therefore the second order Taylor’s approximation for g about xg = 0 is

1
g2(x) = 9(0) +g'(0)x + 59" (0)a®
1
= —Tr — 5.’1/'2
Therefore
—naolog (1 — \/&t\/ﬁ> — tv/an/n
N ¢ 12 t e/
- na Vayn  2an v
2
= tVava+ o - t/avi
t2

Y

Thus

M, (t) — ez asm — 0o .

Remark : Taylor’s approximation is mathematically more insightful in studying these limits than L’Hopital’s
Rule, but is does require a little more care. In particular this is the case if one were to show that the
remainder term in the approximation converges to 0 as n — co, but we not consider this step in detail in
this course. It is also worth remarking here that the type of Taylor’s analysis above is one of the problems

on the first assignment.



Convergence 10

How many games will the Toronto Maple Leafs win this season?

Let X; be a Bernoulli random variable, 1 if the Leafs win the i-th game, and 0 if they loose the game.
There are n = 82 games. Suppose that X; are iid Bernoulli with parameter . Base on the CLT the 0.95

prediction interval for Z?Zl X; is obtained by solving

X, —nb
005 =P (—a< 2z Xm0
nd(1l —0)
giving a = 1.96. Thus with probability 0.95

Z:‘L:l Xz —nf
nf(l —6)

< 1.96

—1.96 <

If we know 6 then with probability 0.95
X, € [719 — 1.96 % \/nf(1 — 0), 76 + 1.96 * \/nf(1 — 9)}

This notion is called a prediction interval or prediction set.



