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A very useful inequality is the following :
Let p > 1. For z,y €R

[(z +y)"| <2071 (|2f” + [y[”) - (1)
For p = 1 inequality (1) is trivial. Thus it suffices to show it is true for p > 1.
Lemma 1 Suppose that p > 1. Let
h(t)=C(1+1t7) — (14 t)?

be a function from [1,00) —R. For C = 2P~! R(t) is an increasing function
on [1,00), and h(1) = 0.

Proof of Lemma 1 : h(1) =2C — 27 = 2(C —2°71) = 0.
W(t) = Cpt'~h —p(1+t)

- e () )

P 1
>
(Lt <C2p

1—1) fort>1

and hence A/(t) > 0on 1 <t < 0.

Proof of Inequality (1) :
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Noting that

(lz+yl)”

((z+y)"| <
< (el + lyh)”

and thus it is sufficient to prove (1) holds for z,y > 0.

If either = or y equals 0, the inequality is trivial.

Thus we need only consider the case z,y > 0. Without loss of generality
suppose that x < y. Then

(x4+y)? = af (1+i)p

p
o (1)
x
= 2071 (2P +gP)
where the inequality holds by Lemma 1, since y > = > 0.

Another important inequality is Holder’s Inequality. The proof given here
is taken from Royden [1].

Lemma 2 Let a and B be nonnegative real numbers and suppose that 0 <
A< 1. Then
B < Aa+ (1= N3 .

Proof of Lemma 2 :

Let ¢(t) = (1 — \) + Mt —t*, t > 0. The student should verify that, since
A—1<0, we have ¢/(t) <0 fort <1, ¢'(1) =0 and ¢'(t) >0 for t > 1.

Thus for t # 1, ¢(t) > ¢(1) = 0. Thus

(T—=X)+ At >t

and equality only if ¢t = 1.

For o, B > 0, R
(1—/\)+>\<g> > (g) .

After multiplying by [, the inequality follows. If either v or 8 equals 0, the
inequality is trivial.
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Let a be a sequence such that

1
ol = (3 ) 2)
is finite. || - ||, is called the p-norm of the sequence. If p = oo, then
[lall, = llallo = supal]
and it is also called the sup-norm.

Theorem 1 (Holder’s Inequality for Sequences) Suppose p and q are
extended real numbers greater than or equal to 1 and %—i—% = 1. Suppose that
a and b are sequences such that ||a||, < oo and ||b||, < co. Then

2 laibi < lall, - Mlally -
7

Remark : If p =1 then ¢ = oo.

Proof :

Suppose that p > 1.

Suppose that ||al|, = ||¢||; = 1. Apply Lemma 2 to o = |a;|P, 5 = [b;]*
and take \ = %D, so that 1 — A = é. Then

1 1
D laibil =3 lagf" - [by]"

7 %

= Sl b

< D {Mail” + (1= A)bi|}
Suppose that ||al|, > 0 and ||q||, > 0. Since @ = {a;/||al|,} and b = {b;/||b]|,}
are sequences with p-norm and g-norm equal to 1, the inequality follows
again.

If either sequence is 0, the inequality would be 0 < 0, which is indeed
true.

Another useful inequality is Minkowski’s Inequality. Again we only prove
it for sequences.
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Theorem 2 (Mikowski’s Inequality) Suppose that a and b have finite
p-norms for 1 < p < oo. Then so does a + b and

lla +0[l, < llall, + [[bll, -

Proof : For p =1 or oo, the student should verify this at home.

Now suppose 1 < p < o0.

By Lemma 1, |a; +b;|? < 2P~ (|a;|P + |b;|?), and the first conclusion in the
Theorem will now follow.

Note

Ja; + bif? < Jai + b7 (Jas] + [bil) < las + 0l ai] 4 [a; + b P~ bi] -

Also q(p—1) =p.
Then

Z|ai+bz-\p S Z|ai+bi|p_1|ai|+Z|ai+b¢\p_1|bi|

K3 K3
1

1 1
< (Z|ai+bi\<p-”q) |ra\|p+<zrai+bi\<p-”q) 181,

1

1 1
< (Sl ) ol + (St ) il

_ @aﬁbi\p);<Haup+ubup> -

The second inequality follows from Holder’s Inequality applied to each of the
two pieces.

Comparing the first line to the last, after dividing by the first term on
the last line, we have

1—1
(Z a +bi|P) < (lall, + [15],)

7

Noting that 1 — % = % we thus have

(St 0P} < dlal, + 1ol

or equivalently
[la +0ll, < flall, + (10l -
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